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PREFACE. 



The present Treatise is intended to open up the 
subject of Vibratory Motion to students who have 
mastered the (elements of dynamics. 

The key to the whole subject is Simple Harmonic 
motion, to which accordingly a large amount of space 
has b^en devoted. Its definition and leading properties 
are discussed in Chapter I. 

Chapter III. dfscusses the composition of two Simple 
Harmonic motions of the same period, and contains 
some novelties in the shape of simple geometric proofs 
of propositions usually established by trigonometry 
(see especially ^§ 24-28). Chapter H. has cleared the 
way by some explanations regarding the general subject 
of composition of motions. 

These first three chapters lead straight to the geo; 
metry of Simple Harmonic waves, which is accordingly 
discussed in Chapter IV. The proofs of some of the 
most important properties of waves are given in duplicate, 
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first by general reasoning, and then by differentiating 
the equation of a wave. This Chapter is based on 
Chapter I., and in like manner Chapter V., which treats 
of the composition of two systems of Simple Harmonic 
waves of equal wave-length, is based on Chapter III. 
Stationary undulation is shown (by proof in duplicate, 
as above) to be the resultant of two opposite systems of 
waves, and the production of beats by waves in the same 
direction is also explained. 

Chapter VI. discusses the general subject of the 
composition of two Simple Harmonic motions, and gives 
the mathematics of Lissajous' curves, with accounts of 
some methods of tracing them. 

Chapter VII. breaks the monotony of a continuous 
thread of mathematical deduction by describing some 
very interesting mechanical illustrations of Simple Har- 
monic motion, including Sir William Thomson's tide- 
predicter and Donkin's harmonograph. A novel method 
of combining two motions by a jointed parallelogram, 
which has been described in Chapter II., is here applied 
to the composition of two opposite circular motions. 

Chapters VI I L and IX. discuss in a popular way 
the propagation and reflection of sonorous undulations. 

Chapters X. and XT. contain accurate investigations 
(some of them novel) of the rapidity of stationary 
vibrations of strings and columns of air, the velocity of 
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propagation of sound along a column of air, and the 
energy of sonorous undulations. 

The last two Chapters, XII. and XI 1 1., may be 
regarded as a musical appendix, the former being devoted 
to simple and compound tones, and the latter to musical 
intervals. 

Though the work is mainly addressed to students at 
a particular stage of advancement, it is hoped that the 
line of treatment adopted will render it attractive to the 
general mathematical reader. 

J, D. EVERETT. 
Belfast: July 1881. 
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CHAPTER I. 

SIMPLE HAllMONIC VIBRATION. 

!• When the prongs of a tuning-fork are squeezed 
between the fingers and suddenly released, they spring 
back not only to their original position, but to a nearly 
equal distance on the other side, and swing backwards 
and forwards a great number of times before they finally 
come to rest. This is an example of vibration. 

The time occupied in swinging from one side to the 
other and back again is called the periodic time, or the 
period of vibration, or simply the period \ and the dis- 
tance that any particle of the fork travels, first to one 
side and then to the other side of its position of equili- 
brium, is called the amplitude of vibration for this particle. 

2. A tuning-fork, when well started, usually makes 
several thousand vibrations before coming to rest. Their 
amplitudes gradually decrease, and hence the sound 
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emitted becomes fainter ; but the periodic time remains 
sensibly constant, and hence the pitch does not sensibly 
alter. The pitch of a sound depends only on the periodic 
time of the vibrations which are its physical cause. Any 
two bodies, however different in character, if they vibrate 
with equal periodic times, produce sounds of the same 
pitch. And it is a general law that unless a vibrating 
body be very widely distorted from its position of equili- 
brium, its periodic time, and therefore its pitch, are in- 
dependent of the amplitude of vibration. Most of our 
musical instruments givie sounds varying greatly in loud- 
ness according to the force employed in producing them ; 
but though this force influences the loudness, it does 
not influence the pitch, or music would be well nigh im- 
possible. 

3. This constancy of pitch is closely connectecl with 
the following law of elastic resistance. When an elastic 
body is distorted from its natural form or size, the force 
required to distort it,, or, what is equal and opposite to 
this, the force of restitution exerted by the body, is 
directly proportional to the amount of distortion. For 
example, if we Compare the force with which a tuning 
fork must be squeezed to make its prongs approach by 
5^th of an inch with that required to make them approach 
by T^Tjth of an inch, we shall find the former to be precisely 
double of the latter. When the fork is vibrating, the 
forces of elasticity are always urging it towards its 
position of equilibrium. They vanish for an instant 



SIMPLE HARMONIC VIBRATION. 3 

when it is passing through this position ; they then 
gradually increase as it departs further from this position, 
and attain their maximum in the position of greatest 
displacement Thus far they have been opposing and 
gradually destroying its motion, until, in the extreme 
position, it comes for an instant to rest. As it returns to 
the position of equilibrium they go through the same 
values again in backward order, and restore to it the 
velocity which they previously destroyed, but in the 
opposite direction. Similar action occurs on the other 
side of the position of equilibrium, and the whole motion 
of the fork can thus be divided into four equal parts 
which are reversed copies of each other. 

4. The proportionality of the elastic force called out 
by displacement to the displacement itself is thus a 
fundamental law of the vibratory motions which give rise 
to musical sound ; and we shall commence our analysis 
of vibratory motion by discussing the simplest conceiv- 
able case — the case of a particle vibrating in a straight 
line under the action of a force which urges it towards 
the middle point of its path, and varies directly as the 
distance cf the particle from this point. The motion of 
a particle under these conditions is called Simple Har- 
monic Motion, 
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SIMPLE HARMONIC MOTION. 

5. We know that a particle moving with uniform 
A-elocity in a circle is acted on by a constant force 
directed towards the centre. 

Let p be the particle, and c the centre. Draw p x 
and p Y perpendiculars on two fixed diameters a a', b b^ 

The force acting on p can be re- 
solved into two components, one 
parallel to x c, and the other to 
Y c, and these are represented by 
the lines x c and y c on the same 
scale on which the whole force is 
represented by p c. Hence the 
component force parallel to a a' 
is proportional to x c. But the 
component motion of p parallel to a a' is the same as the 
whole motion of x. Hence the point x moves as if urged 
towards c by a force proportional to x c. The point x 
therefore executes simple harmonic motion. 

This construction shows that, wl^n a particle executes 
simple harmonic motion, if a circle be described upon 
the path of the particle as diameter, and a perpendicular 
to the path be drawn from the particle, the point in 
which this perpendicular meets the circle will travel round 
the circle with uniform velocity. The circle so described 
is called the auxiliary circle. 
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6, The greatest velocity of the vibrating particle will 
be at c, and will be equal to the velocity of the revolving 
point.^ In the extreme positions a and a', the velocity of 
the vibrating particle vanishes. The whole motion 
naturally divides itself into four parts, corresponding to 
the four quadrants in the figure, and these four parts are 
reversed copies of each other. 

The distance c a or c a' from either of the extreme 
positions of the particle to the central position is called 
the amplitud e of the vibration. It is the same as the 
radius of the auxiliary circle. 

T\i^^eriod of the vibration is the tmie of moving 
from A to a' and back, and is the time of a complete 
revolution in the auxiliary circle. 

7. Let the force acting on the vibrating piarticle be 
such as to produce an acceleration \lx when the distance 
from the centre is x. The factor ft will evidently be 
constant, since, from our definition of simple harmonic 
motion, the force is proportional to x. Now it is proved, 
in treatises on dynamics, that the acceleration of p is 

(t denoting the period), and is directed along p (p. Its 
component along x c is • 

* The velocity of P, and the two components of this velocity parallel to 
A A' and B b', are perpendicular to the sides of the triangle c y P, which 
may therefore be taken as the triangle of velocities. Hence c Y represents 
the velocity of x. 
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and, since p and x have identical motions in this direction, 
this is also the acceleration of x. That is, we have 

whence 

/29r\^ 27r t \ 

/A= (— ) y T = (l) 

V T / ^y^ 

The /^rii?^ therefore depends only on ft and is inde- 
pendent of the amplitude. In other words, the vibrating 
particle will make the same number of vibrations in a 
given time whether its excursions be large or small. This 
equality of period for all amplitudes is called isockronism. 
It is a general law that the small vibrations of any elastic 
body are isochronous ; and the physical cajise^of this 
isochronism is found in the fact that the elastic resistance 
is proportional to the displacement This latter fact is 
known as Hooke's law. It was experimentally discovered 
by Hooke in the case of the extension of elastic strings, 
and was expressed by him in the formula Uttensio sic vis 
(As the extension, so is the force). 

8. It is evident that the motion of the point y in Fig. i 
is similar to that of x, and that the motion of p is the 
resultant of the two. If p moves round the circle in the 
direction aba' b', then y will come to its extreme position 
B a quarter of a period later than x comes to a. Hence 
we have the following proposition : — 

Two equal simple harmonic motions, at right angles to 
each other, differing in phase by a quarter of a period^ 
compound into uniform circular motion. 
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9. If ^ denote the angle which c v has swept ouT^mee — 
coinciding with c a, and a the radius of the circle, we have 

X =^ a cos 0, jV = ^ sin 0. 

/ Hence, simple harmonic motion may be defined as motion 
/ in which the displacement from the mean position is pro- 
y portional to the sine or cosine of an angle which varies as 
the time. 

10. If is measured from any fixed radius c e (Fig. 2), 
we shall have 



> r^ 



x=a cos (^— c), 



y==a sin (^— c), 



where c denotes the angle described in moving froj 
to c A ; either of these formulae 
may, therefore, be employed as the 
general expression for simple har- 
monic motion, it being always un- 
derstood that is directly propor- 
tional to the time. If / denote 
the time occupied in describing 
the angle 0, and t the period, we 
have 

27r T ' " 



C E 




Fig. 2. 



(2) 



since is described in time /, and 27r in time t. 

In accordance with the usage of the best modern 
authorities, we shall adopt as the standard formula 

x=^a cos ((?-c), (3) 
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where c, or its equivalent in time — T is called the epoch, 

^- €, or its equivalent in time, th^ phase, and a (as already 
stated) the amplitude. ^ 

Substituting for 6 its value from (2), the formula 
becomes 

x^a cos (^^^-€^. (4) 

Hence the equation 

;t:=^cos («/—€) (5) 

denotes simple harmonic motion, whose period T is deter- 
mined by 

-=«.orT = -. (6) 

11. From the analogy of (5), which is the general 

equation of simple harmonic motion, one variable y is 

said to be a simple harmonic function of another ;r, when 

the connection between them can be expressed by the 

equation 

yz=,a cos {nx-€). (7) 

12. The curve of which (7) is the equation, is called 
the simple harmonic curve. It is the curve which is 
traced, by a point executing simple harmonic vibrations, 
upon a sheet of paper travelling uniformly in a direc- 
tion at right angles to the line of vibration. 

For if the paper travels with velocity v in the direc- 
tion of the negative axis oix, the tracing point will travel 
relatively to the paper in the direction of the positive axis 
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of X with the same velocity, so that if x denote the distance 
travelled in time / we shall have 

x^st.ortzJi. 

V 

But from equation (4), with y in place of x, we have 

y^^ cos (^-^ -cj, 
that is, 

Now v T evidently denotes the distance that the paper 
advances in the period of one complete vibration. Call 
this distance X ; then we have 

(2ir x 



( 2ir x \ 
y^a cos ^— — — € J. t 

Comparing this with (7), we see that 



27r X 27r 
^= -T-, or A- — . 
A n 



(8) 
(9) 




Fig. 3. 



X is called the wave-length. If we increase x by X, we 



increase — r— by 27r, and y will be unaltered. The 
X 

curve is represented in Fig. 3. It evidently consists of 
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a number of similar and similarly placed portions, each 
having a projection X on the axis oix. The portion a a' 
from one summit to the next can be divided into four 
parts, A B, B c, c D, D a', which are equal and similar, but 
reversed in position. 

13. Such curves can be traced by causing a piece of 
smoked glass to move rapidly past a tuning-fork which 
has a light style attached to one of its prongs. They can 
be obtained on a larger scale by attaching a pen (consist- 
ing of a glass tube drawn out to a fine point) to the lower 
end of a pendulum vibrating in a small arc, and causing 
it to write upon a sheet of paper which is drawn by clock- 
work in a direction perpendicular to the plane of vibra- 
tion. 

14. To show that the vibrations of a pendulum follow 
the simple harmonic law, it will suffice to consider the 

case of the simple pendulum, that is, of a 
heavy particle suspended by a weightless 
string, and vibrating in one plane. 

Let / (Fig. 4) be the length of the string, 
and 4> the angle which it makes with the 
vertical at any moment. Then the accelera- 
jTjQ ^ tion of the heavy particle, being the tangential 
component of gravity, is^ sin cf), and if s denote 
the distance from the lowest point, measured along the 

arc, we have<f>= -. Hence the acceleration is g sin - 
which, when the arc is small, may be identified with 
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g jy iand is directly proportional to s. The motion of 

the particle, therefore, agrees with our definition of simple 
harmonic motion (§ 4), except that its path, instead of 
being straight, is slightly curved. Since the constant 

factor ft of § 7 has. now the value ^ , we have for the 
periodic time (by equation i) 

What iis commonly called the * time of vibration ' of a 
pendulum, is the time of swinging from one extreme posi- 
tion to the other, and is half the periodic time. 

15. The ,cycloidal pendulum is an arrangement in 
which a heavy particle is made to oscillate, not in a cir- 
cular arc, as in the case above discussed, but in a curve 
which fulfils the condition 

Snzk sin 4>, (11) 

4> denoting the inclination of the tangent at any point to 
the horizon, s the distance measured along the curve from 
this point to the lowest, and k a constant The accelera- 
tion of the heavy particle is 

^sinc^ =<?|-> 

which is rigorously proportional to $ ; and, therefore, for 
all vibrations, whether small or large, the periodic time is 

the same, its value being 27r a/ — . 
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CHAPTER IL 

GENERAL THEORY OF COMPOSITION OF MOTIONS OF 
TRANSLATION. 

1 6. Definition. — If k^ b and care any three bodiesy 
the motion of a relative to c is called the resultant of the 
motion of k relative to b and the motion of b' relative to c. 

If c is regarded as at rest, the motion of a will be 
called the resultant of the motion of a relative to b and 
the motion of b. 

In the present treatise we shall only have to discuss 
the motions of points, and we shall regard two points 
as having the samq motion if their 
motions are equal and parallel ; in 
other words, all the points of a rigid 
body which has a motion of trans- 
lation will be regarded as having 
^'^' ^* the same motion. 

17. Construction for composition of motions. — 
If A and b are any two points whose motion is to be com- 
pounded, we may take any fixed point o (Fig. 5) and 
construct the parallelogram of which o a, o b are two sides. 
If o R be the diagonal of this parallelogram, the motion of 
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R is the required resultant. For since a r is constantly 
equal and parallel to o b, the motion of r with respect to 
A is the same as the motion of b about the fixed point o, 
and the motion of R is by definition the resultant of this 
motion and the motion of a. 

If we choose different positions for o, the paths 
obtained for r will differ in position, but will be equal 
and similar, and may be regarded as the paths of different 
points of a rigid body which has a motion of translation. 

It is not necessary to suppose the paths of a and b to 
lie in the plane of the paper. The construction is appli- 
cable to the movements of any two points in space. 

18. The motion of the middle point of the 

JLINE joining any TWO POINTS A B IS HALF THE RESULT- 
ANT OF THEIR MOTIONS. 

This is obvious from the figure in the preceding 
section ; for since the diagonals of a parallelogram bisect 
each other, the middle point of a b is the middle point of 
OR, and its motion about the fixed point o is similar to 
that of R, but on half the scale. 

1 9. Let x^ Xi x^ be the distances of three points a b c 
from a fixed plane. Then, since ^ri—^r^ is constantly equal 
to the sum oixi-^Xi and x^-x^, the motion of a relative to 
c resolved in a direction normal to the plane is the sum 
of the motions of a relative to b and of b relative to c, 
similarly resolved. Hence, whenever one motion is the 
resultant of two others, in the sense of the definition at 
the head of this chapter, its component in any direction 
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must be the sum of their components in the same direction. 
Conversely, this property may be taken as the definition 
of .the resultant of two (or any number of) motions. 

. 20. \i Xiyx Zi be the distances of a point Pi from three 
fixed planes at right angles to each other, with similar 
notation for the distances of other points Pj P3....Pn from 
the same planes, the point' whose distances are 

y=zi:y^+y»+ • • • +:»'»). 

ft 

Z=-^{Zi + 23-\' . . . -f-^n)» 
ft 

is called the cenire of mean position of the n points, and is 
identical with the centre of gravity of- equal masses at the 
n points. Its motion resolved ^normally to any one of the 

three planes is obviously — of the sum of the motions 

■ - n 

of the n points similarly resolved. Hence the motion of 
the centre of mean position, if magnified n times, is 
the resultant of the motions of the n points. This pro- 
position reduces to that of § 1 8 when there are only two 
points. 

The motion of the centre of mean position may with 
propriety be called the arithmetical m^an of the motions 
of the n given points. 

21. If the line joining two points ab be unequally 
divided in a constant ratio, the motion of the point of 
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section may be called a ' mean with unequal weights.' Let 

the point of section be called g, and let a g be to g b as ^ 

to ay so that G is the centre of 

gravity of a weight a at a and a 

weight h at B. Then if a and 

b are integers, it follows from ^'^' ^* 

§ 20 that a such motions as that of a and b such motions 

as that of B would have for their resultant the motion 

of G magnified a-\-b times. Whether a and b be integers 

or not, a-^-b times the motion of g will be the resultant of 

a times the motion of a and b times the motion of b. 

22. These principles can be illustrated by the pan- 
tagraph, an instrument used by engravers for reducing 




Fig. 7. 

drawings. It may be regarded as consisting of a jointed 
parallelogram a b, divided by two bars parallel to its sides 
into four smaller jointed parallelograms, two of which, ag, 
gb, are similar to the whole parallelogram and are there- 
fore about the same diagonal. The intersection g of the 
two cross-bars thus divides the diagonal a b in a constant 
ratio. 
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In the ordinary use of the instrument a is fixed, and a 
pen at g draws a reduced copy of the curve traced by a 
style at b, the scale of the copy being to that of the 
original as a g to a b, or as a d to a e, a ratio which the 
operator has the power to adjust at pleasure. 

If A and B are simultaneously moved, g will have a 
motion which is a mean of their motions, and if the 
instrument is set for reducing one-half (in other words, if 
D be the middle point of a e) the motion of g will be the 
resultant of the motions of A and b reduced one-half. 
This application of the pantagraph is, we believe, new.^ 

' We have described the pantagraph in the manner which is simplest 
from a theoretical point of view. Its actual construction for the purposes of 
the engraver is as shown in the annexed figure. The tracing point to be 




Fig. 8. 

carried over the original is at a definite point B in one of the arms. The 
pencil or pen is at G, which is not a definite point but depends on the scale 
of reduction required, the bar D G being graduated for this purpose ; and d a 
is graduated to correspond with it in such a way that when G and A are at 
similarly marked divisions, B, G and A will be in one straight line. A is pivoted 
to a heavy weight to prevent it from moving, and there are castors at the 
ends and comers of the frame, to roll over the paper. 
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If G is fixed, the motion of b will always be opposite 
in direction to that of a, and if a and g be simultaneously 
moved in given ways, it is obvious from the last sentence 
of § 21 that b times the motion of b will be the resultant 
of ^ + ^ times the motion of g, and a times the reversed 
motion of a. 

23. The arithmetical mean of the motions of three 
points A, B, c can be found by employing one pantagraph 
to give, by the intersection g of its cross-bars, the arith- 
metical mean of the motions of a and b ; and employing 
a second pantagraph, with one corner jointed to g and 
the opposite corner to c, to give a mean, in which g has 
double the weight of g. 

To obtain the arithmetical mean of the motions of 
four points, we may employ one pantagraph to give the 
mean of the motions of two of them, a second to give the 
mean of the motions of the other two, and a third to give 
the mean of these two means. . 

It is thus always possible to obtain- by a combination 
of n — I pantagraphs the, arithmetical mean of the motions 
of n points. The resultant of the motions of the n points 
will be this mean rnagntfied n times. 
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CHAPTER III. 

COMPOSITION OF VIBRATIONS OF THE SAME PERIOD. 

24. Two uniform circular motions of the same period 
and in the same direction compound into a single 
uniform circular motion. 

For if A and b (Fig. 9) revolve with the same period 
and therefore with the same angular velocity round o, 

the angle between the revolving 
radii o a, o b will be constant, and 
the parallelogram d A c b will re- 
volve as a rigid figure round o. 
The uniform circular motion of c 
is the resultant of the two given 

FIG. 9, motions. 

25. Two s.H. motions ^ of the 
same period in the same straight line compound into a 
single s.H. motion of the same period. 

For the two components are the projections (upon 
the given line) of two uniform circular motions of the 
same period ; and the resultant will be the projection of 
the resultant of these two circular motions. It will there- 

* Here and elsewhere we use the initial letters S.H. as an abbreviation 
for * Simple Harmonic' 
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fore (by the preceding section) be the projection or^cmi- 

form circular motion of the same period as either com- 
ponent. 

26. Two uniform circular motions of the same period 
in opposite directions compound into s.h. 'motion if their 
radii are equal. 

For if A and b (Fig. 10) revolve round the same circle 
with equal and opposite angular velocities, they will meet 
at both ends of one fixed diameter. Their motions 





Fig. 10. Fig. ii. 

parallel to this diameter will be the same, and their 
motions perpendicular to it equal and opposite. Their 
resultant will therefore be s.h. motion along this dia- 
meter, with amplitude double the radius of either 
circle. 

27. When the two circular motions in opposite direc- 
tions have unequal radii (Fig. 1 1), there will still be one 
line passing through the common centre of the two circles 
such that the two revolving points a and b will cross it 
simultaneously twice in each revolution. Let a and b be 
the radii, a being the greater. Then the resultant motion 

parallel to this line will be the sum of two s.h. motions of 

c 2 
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the same epoch, and will be a single s.h. motion of ampli- 
tude a-\-b. The resultant motion in the perpendicular 
^direction will be the difference of two s.h. motions of the 
same epoch, and will be s.h. motion of amplitude a—b. 
The final resultant will therefore be obtained by com- 
pounding two S.H. motions of amplitudes ^ + ^ and £j—^ 
in perpendicular directions, with their phases so related 
that an extreme displacement in the one is simultaneous 
with a mean position in the other. 

If we compare this resultant with uniform motion in 
a circle of radius a-Vbj we see that it agrees with it as 
regards one component, and that the other component 

z 

has the constant ratio — — r to that in the circle. The path 

a-itb ^ 

will therefore be an ellipse whose major and minor semi- 
axes are a-\-b and a—b. The resultant motion in this 
case is called elliptic harmonic motion, 

28. In general any two s.h. motions of the same 
period compound into elliptic harmonic motion. 

For let 2a and 2b be their amplitudes. Then, by 
§ 26, the first of the two s.n. motions can be resolved 
into two opposite uniform circular motions of radius ^, 
and the second into two of radius b. We have thus four 
uniform circular motions of the same period, two of them 
(of radii a and b) being in one direction, and the other 
two (also of radii a and b) in the opposite direction. 
Compounding (by § 24) those which have the same 
direction, the four uniform circular motions are reduced 
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to two in opposite directions ; and these (by ^ 2i\ com- 
pound into elliptic harmonic motion. 

Simple harmonic motion and uniform circular motion 
are extreme cases of elliptic harmonic motion. 

29. The projection of s.h. motion upon any straight 
line is s.h. motion. 

For let o A = o a' be the amplitude of the original 
motion, and b, b' the projections of a, a' upon any line 
through o. The acceleration of the original tracing 
point p is /i. p o, which can be resolved into ft. p q, and 




Fig. 12. 



/A. Q o, the latter being the acceleration of Q the projection 
of p upon B b'. q has therefore simple harmonic motion 
of the same period and epoch as p. The amplitude of 
the motion of Q will be o b, which is the original ampli- 
tude multiplied by the cosine of the angle between the 
original and the projected motion. 

30. The projection of elliptic harmonic motion upon 
any straight line is s.h. motion. For the elliptic motion 
can be resolved into s.h. components along the principal 
axes of the ellipse ; each of these will project into s.h. 
motion on the given line, and the resultant of these two 
projections will itself be a s.h. motion. 
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TJie projection of elliptic harmonic motion upon any 
plane is elliptic harmonic motion. For its projection 
upon two lines at right angles to each other in the given 
plane will be simple harmonic, and their resultant will 
(by § 28) be elliptic harmonic motion. 

31. The acceleration in elliptic harmonic motion is 
always directed towards the centre of the ellipse, ai>d 
proportional to the distance from the centre. 

For it is the resultant of the two accelerations ju. x o, 
ju,. Y o (Fig. 13), along the principal axes (x and y being 
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Fig. 14. 



the projections of p upon these axes), and these evidently 
compound into jtx. p o. 

Conversely, if a point p move in a plane curve round 
a point o with an acceleration always represented by 
/jt. p o, the path will be an ellipse of which o is the centre, 
and will be harmonically described. For if x and y 
(Fig. 14) are the projections of p on two rectangular axes 
through o, the accelerations of x and y will be ]tt. x o, 
jtx. Y o, so that the motions of x and y will be simple bar- 
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monic ; and the motion of p, being their resultant, will 
(by § 2r8) be elliptic harmonic motion. 

32. The resultant of any number of s.h. motions 
along any lines whatever, if all have the same period, is 
elliptic harmonic motion. For the given motions can be 
projected upon three rectangular axes, and each of the 
projections will be simple harmonic. Those which are 
along the same axis will compound into one s.h. motion. 
The required resultant will therefore be obtained by 
compounding three s.h. motions of the same period 
along three lines at right angles, and we may regard o 
as the central point of each of the three motions, so that, 
ox, o y, o z being the three displacements from the origin 
o, the accelerations will be [jl. x o, /x. y o, ju.. z o. The 
resultant of these will be /x. p o, p being the point whose 
projections are x, y, z. But the motion of p is the re- 
sultant motion which we are seeking. Let a plane be 
drawn through the tangent to the path of p at a given 
moment, and also through o. The whole path of p will 
lie in this plane, and will be the same as that of a free 
particle attracted towards o with a force varying as the 
distance. From the second part of the preceding section 
it follows that the motion will be elliptic harmonic. 

33. We shall now investigate the amplitude of the 
S.H. motion which results from the composition of two s.h. 
motions in the same line. 

Let A and b (Fig. 15) be the two points which travel 
uniformly round the auxiliary circles of the two compo- 
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nents, c the point which travels uniformly in the au:?ciliary 
circle of the resultant. Then o a, o b, o c, are thfe three 
amplitudes, and o c, being the diagonal of a parallelogram 
of which o A, OB are the sides, may have any vabae 
intermediate between their sum and difference, according. 

to the magnitude of the angle a o b, 
which is the difference of phase 
(or difference of epoch) of the two 
components. When this angle is 
zero they have the same phase, 
and the resultant amplitude is the 
sum of the given amplitudes. 
When it is 1 80** they have oppo- 
site phases, and the resultant amplitude is the difference 
of the given amplitudes. In this case if the given 
amplitudes are equal the two components destroy each 
other, and the resultant is absolute rest- 

The formula for the square of the amplitude of the 
resultant is evidently 

O C^ = O A*^ H- O B^ -h 2 O a. O B cos A O B, 




Fig. 15. 



A o B being the difference of phase of the two components, 
and o A, o B their amplitudes. 

34. If the two component s.h. motions have not 
rigorously the same period, as hitherto supposed, the 
angular velocities of a and b in the two auxiliary circles 
will not be rigorously equal, and the angle a o b will 
change at a constant rate. We shall suppose this rate to 
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be slow in comparison with the angular velocities them- 
selves, so that the angle a o b will only undergo a small 
change in each revolution. Then the path of c in one 
revolution will be nearly circular, and its velocity in this 
path sensibly uniform, so that the projection of its motion 
upon a given line wiU be very approximately simple 
harmonic ; but the radius of the circle will gradually alter 
in successive revolutions, taking all values intermediate 
between the sum and difference of o a, o tj. Remember- 
ing that the radius of the circle is the amplitude of the 
resultant, we see that the resultant of two s.h. motions of 
slightly unequal periods (both having the same line of 
motion) may be described as a s.h. motion .with ampli- 
tude varying between the sum and the difference of the 
two given amplitudes. 

35. The variation of the square of the amplitude is 
simple harmonic- For if we drop a perpendicular c D on 
o A or o A produced, we have 

O C^ = O A^ + A C^ ± 2 O A. A D, 

where all the quantities on the second side are constant 
except A J). The variation of o c^ is therefore the varia- 
tion of 2 o A. A D, and is proportional to a d. But the 
motion of c relative to o a is uniform circular motion 
round a, and the motion of d along the line o a is there- 
fore simple harmonic motion with a as central point 

It follows that the mean value of the term ± 2 o a. a d 
is zero; and therefore the mean value of oc^ is oa'^ + ob^, 
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or the mean value of the square of the resultant amplitude 
is the sum of the squares of the component amplitudes. 

36. These principles explain the throbbing character 
of the sound which is produced by the combination of 
two sounds differing slightly in pitch. The drum of the 
ear vibrating under their joint influence performs vibra- 
tions whose amplitudes vary from the sum to the differ- 
ence of the amplitudes due to the two separate sounds. 
If the separate effects of the two sounds were exactly 
equal and were simple harmonic, there would be momen- 
tary silence at the instant when the phases became 
opposite. Two * stopped * organ-pipes mounted side by 
sfde on the same wind-chest, and tuned as nearly as 
possible to unison, will often maintain this opposition of 
phase (and almost complete extinction of sound) for a 
considerable time. 

The alternations of loudness produced by the cause 
here explained are called beats. Each beat indicates 
that one of the two sources has gained a complete vibra- 
tion upon the other ; and hence, if the number of vibra- 
tions made by one source is known, the number made 
by the other can be found by adding or subtracting the 
number of beats. 

37. They also explain the phenomena of spring and 
neap tides. 

Speaking broadly, the variation of tidal level at a 
given place is the sum of two s.h, variations, one 
depending on the moon and the other on the sun, the 
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former having the larger amplitude and a rather longer 
period. When the phases of these two s.h. variations 
concur, we have spring tides with amplitude equal to 
the sum of the lunar and solar amplitudes, and when 
the phases are opposite we have neap tides with ampli- 
tude equal to their difference, 
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38. We have seen that the resultant of two s.h. 
motions of the same period and not in the same straight 
line is elliptic harmonic motion. We shall now investi- 
gate the form and position of the ellipse as affected by 
the amplitudes and epochs of the two components. 
We shall in the first instance, and throughout the greater 
part of our discussion, suppose the two components to 
be at right angles, this being the only case of practical 
importance. 

Let the directions of the two components, for con- 
venience of language, be called horizontal and vertical. 
Describe two concentric circles (Fig. 16) whose radii are 
the two amplitudes; then one component will be the 
horizontal motion of a point h travelling uniformly round 
one circle, and the other component will be the vertical 
motion of a point v travelling round the other with the 
same angular velocity. It is optional to regard the 
directions of revolution in the two circles as the same or 
opposite ; we can, therefore, without loss of generality. 
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suppose them to be the same. The angle h o v between 
the revolving radii will then be constant. 

If we draw two tangents at the extremities of the 
horizontal diameter of the circle in which h moves, these 
will be the limits of the horizontal motion of the resultant ; 
and in like manner two tangents at the extremities of the 
vertrcal diameter of the circle described by v will be the 




Fig. i6. 



limits of vertical motion. Hence the ellipse will be in- 
scribed in the rectangle formed by these four tangents. 

To determine the points of contact of the ellipse with 
the vertical sides of the rectangle we must consider 
where v will be when h is at the extremities of the hori- 
zontal diameter, v will evidently be at the extremities 
of a diameter inclined to the horizontal at the given angle 
H o v. Hence we must draw this diameter of v s circle, 
and from its extremities draw horizontal lines one to the 
right and the other to the left to meet the vertical sides 
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of the rectangle. The points in which they meet the 
vertical sides will be the points of contact of the ellipse, 
and will evidently be at the distance o v sin h o v from 
the middle points of the vertical sides. In like manner 
the points of contact with the horizontal sides will be at 
the distance o 11 sin v o h from the middle points of these 
sides (v o H being measured in the opposite direction of 
revolution to h o v). 

When the angle h o v is zero, .the. points of contact 
will be the middle jpoirits of the sides of the rectangle 




Fig. 17. 



(Fig. 17, c), and the ellipse will be traced in the same 
direction of revolution as the two circles. 

When H o v is a right angle, o v being 90° in advance 
of o H, the points of contact will (with the usual conven- 
tions as to sign) be at the top right hand and lower left 
hand corners of the rectangle, and the ellipse shrinks into 
a straight line (Fig. 1 7, a), namely, the diagonal joining 
these corners. 

When o V is rather more than a right angle in advance 
of o H, v will have passed its highest position, and. begun 
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to descend before h comes to the extreme right This 
shows that at the point of contact of the ellipse with the 
right hand side, the point which traces the ellipse is de- 
scending (Fig. 17, h). The ellipse is therefore described 
in the opposite direction to the two circles. 

When H o V is equal to two right angles, the points 
of contact will again be the middle points of the sides, 
and the ellipse will be traced in the opposite direction to 
the circles (Fig. 17, g). 

When o V is three right angles in advance (or one 
right angle in arrear) of o h, the ellipse shrinks into the 
diagonal joining the top left hand and lower right hand 
corners (Fig. 17, e), and when ho v is rather more than 
three right angles, the ellipse will again be described in 
the positive direction (Fig. 1 7, d). 

It thus appears that the ellipse is described in the 
positive or the negative direction according as the angle 
between o h and o v is acute or obtuse ; and that when 
this angle is a right angle, the ellipse shrinks into a straight 
line. 

39. If the periods of the two s.ii. components are 
slightly unequal, the angle h o v will be nearly constant 
during the time of one revolution of h or v, but will 
gradually change from one revolution to the next, and 
will take in succession all values from 0° round to 360° 
or o^ again. All the forms of ellipse which we have been 
discussing in the preceding article will thus be traced in 
succession, and if a permanent mark is left by the tracing 
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point, it will be found to form successive lines of shading 
covering the whole area of the rectangle. The commence- 
ment of this process is illustrated by the last figure in Plate 
III., which is taken from a trace made by Donkin's Har- 
monograph. In this instrument, which we shall describe 
in a later chapter (Chapter vii. § 92), the amplitudes remain 
constant throughout the motion. In most (or perhaps in 
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Fig. 19. 



all) of the other experimental illustrations of this subject, 
the amplitudes gradually diminish. 

40, One such illustration is represented in Fig. 18. A 
string ACB is stretched between two fixed points a and b, in 
such a manner that it droops a very little in the centre ; 
and a second string c d, carrying a weight d, is fastened to 
the middle point c (or to any point) of the first. If this 
weight is set swinging in any direction except parallel to 
A B or perpendicular to a b, it will trace out the series of 
ellipses above discussed. The following is the explana- 
tion : — 

If D were set swinging parallel to a b, it would oscil- 
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late about c as a fixed point, since the string a c b would 
not move. 

On the other hand, if d were set swinging perpen- 
dicular to A B, it would oscillate about the point E in which 
A B is cut by D c produced ; for the plane of the two strings 
would swing from side to side, turning round a b as axis. 
The period of the vibration in this case would be rather 
longer than in the former, because the pendulum e d is 
longer than the pendulum c d. 

If D is drawn aside in' a direction oblique to ab and 
then let go, its motion will be compounded of two s.h. 
motions, parallel and perpendicular respectively to a b, 
having these two unequal periods. 

41. This result depends upon the general principle, 
that when the displacements of a body from its position 
of stable equilibrium are small enough to fulfil Hookes 
law (§ 7), the force called out by any such displacement 
is the resultant of the two separate forces which would be 
called out by any two component displacements into which 
it can be resolved. That is to say, in the present case, if 
o (Fig. 19) denote the position of d when in equilibrium, 
and o p, o Q, two sides of a horizontal parallelogram, of 
which o R is the diagonal, the forces called out by dis- 
placing D along o p and along o q will, if compounded, 
give a single force the same in magnitude and direction 
as the force called out by displacing d along or. If 
we take o p and o q parallel and perpendicular to a b, 
the two component forces called out will be along these 
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lines, and may be called fti p o dnd [i^ Qo. The resultant 
force will not be along the diagonal r o unless [jli'is equal 
to fjii ; and in the present case fii is greater than ftj* We 
shall return to this subject in a later chapter. (Chapter 

vil § 74^^ 

42. We append confirmatory proofs by co-ordinate 
geometry of some of the foregoing results. 

Composition of any number of s.h. motions in the 
same straight line with the same period 

Their equations may be written (§ 10) 

Xi=:ai COS (6— Si), 

Xi^a^ COS (fl — 53), (i) 

^1:3= 0^3 cos (fl-sa), 
&c. &c. 

Since cos (d— e) is cos d cps e + sin fl sin e, we have 

^^ _|- x^ ^x^ + &C. « cos d {Ui cos Si + «j cos ffg + &c.) 

+ sin d (^1 sin 61+^2 sin fj + ^c.) (2) 
Put 

ai cos £1 + ^3 C<5S gg-K&C.rrA COS E— , 

(3) 

% sin si + ^a sin 62 + &c.=a sin e 
Then we have 

x^^x^^Sic^A. cos E cos fl-f A sin E sin 9 (4) 

=A cos (9— e). ^ 

Hence the resultant is s.ii. motion of amplitude A 

and epoch e. The value of A^ will be obtained from 

equations (3) by squaring and adding ; and then tan e 

will be found by dividing the second equation by the first. 

D 
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It may be nemarked that equations (3) are of the same 
form as the equations for finding the resultant of a set of 
forces acting at a pdbt inone plane. . 

43. Compositions of two s.H. motions of the same 
period at right angles, differing by a quarter-period in 
epoch. 

If the equation of one of them be 

x^a cos fl, 
that of the other will be 

y^b cos {^±^\ = T^ sin fl. 
Hence 

(f)^+(|)^=cos2^+sin2^=i. (5) 

tKe equation to an ellipse of semi-axes a b. 

44. Composition of any two s.h. motions of the same 
jieriod, at right angles. 

Their equations may be written — 

x^a cos fl, 
y^b cos (9— S)=^ (cos fl cos 8 + sin fl sin 8). 

But cos 9=-, andsin9=-v/(ej*— :r^). 
a a ^ ' 

Hence we have 

^= ^\x cos 8 4- V(^*— :i^) sin 8 I , 

or 

f bx c.\2 b^ (c^'^a?\ .05. , V 

[y^—.co%iy^ a^ ^ ^" ^' (7) 

This is an equation of the second degree, and as we 
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know that the resultant motion must be in some closed 
curve, the locus is, in general, an ellipse. 
The following are particular cases : — 

8=0 gives J/ = — , a straight line. 
^ a 

8=1 . ., y=-3 (^-^), as in § 43. 

b X 

8=9r „ 1/ = — — , another straight line. 

a ^ 

8=^ „ /=^2(^'-^)rSameas8=!!:. 
' ' 2 w 2 

Describe a rectangle whose sides are ^ the double 
amplitudes of the two given components. Then all the 
ellipses obtained by giving different values to 8 can be 
inscribed in this riectangle, since the extreme values of x 
are always ±^r, and the extreme values of j/ are ±^. 

It will be found upon examination that the direction 
in which the moving point travels round the ellipse 
depends upon the value of 8, and is reversed as 8 passes 
through the values o and ir. We shall examine the two 

cases 8=^, 8=*—, for which we have obtained in last 
2 2 

article the same equation ^=-3 {f^-^\ 

When S=!r, 
fi=o gives :r= <3^,^=o, 

6=- „ Xz:^O^y:=b. 
2 

D 2 
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Hence in one quarter period the motion is from the 
point x^a, jv=0 to the point ^=o, jv=^. The direc- 
tion of revolution is therefore from tfie positive axis oix to 
the positive axis of ^'. 

When 8=2^, 

2 

9=o gives ^=^, jK=o, 

2 

Hence the direction of revolution is from the positive 
axis of X to the negative axis of ^ ; which is opposite to 
the direction of revolution in the preceding case. 

45. Next, let us suppose the periods of the two 
mutually perpendicular components to be only approxi- 
mately equal. Then the resultant rfiotion at any moment 
will be approximately one of the ellipses represented by 
equation (7), but S will gradually change, and thus, 
instead of the motion repeating itself in a fixed ellipse, it 
will approximate in succession to all the ellipses which 
equation (7) can be made to represent by giving every 
possible value to 8. The first figure in Plate HI. shows 
the trace left, by a point describing these approximate 
ellipses, upon a sheet of paper travelling uniformly past it. 

If 8 is increasing, the x vibrations are gaining upon 
the y vibrations. For the phase of the x vibrations is 
fl, and th^ phase of the y vibrations is d-8 ; but if 8 
increases with 9 (and at a much slower rate) the incre- 
ment of 9—8 in any time is less than the increment of 9; 
that is to say, the phase of the y vibrations increases more 
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slowly than the phase of the x vibrations. The opposite 
will be the case if 8 is decreasing. 

45.* To investigate the resultant of two s.h. motions 
along lines inclined at an angle other than a right angle, 
we have only to suppose the axes of co-ordinates in the 
preceding sections 43-45 to be oblique. The algebraic 
work is unchanged, and the interpretation of the results 
presents no difficulty. 
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CHAPTER IV. 

WAVES. 

46. hKTaaiy b biy c c^y ddiy &c. (Fig. .20), be equal 
parallel and equi-distant straight lines, such that their 
extremities ^, by Cy dy &c., are in one straight line, and 
their other extremities therefore also in a straight line. 
Let there be a number of particles, one in each of the 
lines a a^y b bi, &c., executing simple harmonic vibrations 




Fig. 20. 



in them, so that a and ai, are the extreme positions of 
the first particle, b and b^, of the second particle, and so 
on. Let the periods of their vibrations be all equal, but 
let the second particle be a little later in its phases than 
the first, the third a little later than the second, and so 
on, the differences of phase from particle to particle being 
all equal. Then we shall have a simple harmonic undula- 
tion — in other words, a series of simple harmonic waves 
— ^traversing the particles. 



WA V£ LENGTH. ' >^^/ "^^^ '^ T > 

In the figure, the first particle is supposed tyfe,^*-^ 
the middle of its descent from a to a^ and the seventh 
particte to be at the middle of its ascent from gi to ^. 
The wave is travelling from left to right 

47. Let the common difference of phase from particle 

to particle be - of the common period, / being a large 

integer, then the difference of phase between the first 
particle and the/ -f I th, or between the second particle 
and the/ + 2th, or between the rth particle and the/ + 
rth will amount to one period. But a difference of phase 
of one period means identity of phase. Hence the phase 
of the first particle at any moment is the same as that of 
the / + I th, also of the 2/ -f i th, and the 3/ -f i th ; the phase 
of the second particle is the same as that of the /+ 2th, 
the 2/-f2th, the 3/+ 2th, &c., and in general the phase 
of the rth particle is the same as that of the / + nh, the 
2/ + rth, the 3/ + rth, and so on. 

The first/ particles will form one complete wave, the 
next / particles another complete wave, which at any 
given moment will be precisely similar to the first ; the 
next/ particles will form another similar wave, and so 
on. Any p successive particles will form one complete 
wave; and if we include/ +1 particles, the phases of the 
first and last will ,be identical. The distance from the 
first particle to the /+ ith (in other words, / times the 
common distance ab ox be ox cd) is called the length of 
the waves, or the wave-length, and is usually denoted by 
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the Greek letter X. Stated in general terms, the wave- 
length of a system of equal and similar waves is the 
distance from any particle to the next particle thsft is in. 
the same phase, the distance being measured not along 
the curved outline of the wave, but along the straight line 
which is the direction of propagation of the wave (the 
line ab cdy or the line a^ bx c^ d^, in the figure). 

48. Let us suppose, for convenience of language, that 
the lines of vibration a^i, bbiy &c., are vertical, and 
the direction of wave-propagation horizontal. Then a 
particle which is in its highest position is at the crest of 
a wave, and a particle in its lowest position is at the 
trough of a wave ; and these particles will again assume 
these positions when the present wave is replaiced by its 
successor ; in other words, when the distance that the 
waves have advanced amounts to one wave-length. Thus 
we arrive at the following important relation between the 
period of vibration of the particles, the wave-length, and 
the velocity of propagation of the waves. 

The distance that the waves travel in o?ie period is one 
wave-length ; or if z/ denote the velocity of wave-propaga- 
tion, 

X = 2^ T. (8) 

If the period t be - of the unit of time, so that each 
n 

particle makes n vibrations in the unit of time, the above 

equation may be written in the form 

V :^ n-K, (9) 
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which expresses that the distance travelled by the waves 
in the unit of time is n wavelengths. 

49. We shall now investigate the equation of the 
curve formed by the particles at any time/, taking as axis 
of X the line which passes through the middle points of 
the paths of the particles, and taking any point in this line 
as origin. The ordinate y will be the displacement of any 
particle from its mean position. 

The displacement of the particle whose mean position 
is at the origin may be represented by the equation 

y = a cos fl, 
where a is the amplitude, and fl is - 2 ?r (see § 10), or 



T 



— 2 TT, by equation (8). - . 

As we pass from one particle to another, in the direction 
in which the waves travel, x will increase, and the phase,, 
will diminish at such a rate that when x increases by X 
the phase diminishes by 2 ?r ; the equation for the dis- 
placement of any particle is therefore 

y ^ a cos (^ 2 Tr\ 

that IS, 

y z=i a cos f 2ir y (10) 

which is the required expression. It shows that the 
curve formed by the particles at anytime is the harmonic 
curve (§ 12), for equation (10) agrees with equation (8) 
when / is constant. Dividing numerator and denominator 
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by V, and remembering that - = T, we have 



y == g cos ( • V \ (ii) 



y ") 



which is therefore another form of the equation to the 
wave-curve at any time /• 

When the lines of motion of the particles, are, as in 
the present case, perpendicular to the line of propagation 
of the waves, the vibrations are said to be transverse ; 
but the equations which we have obtained are equally 
applicable when the vibrations are parallel to the line of 
propagation, or have any intermediate direction, if we 
regard y as denoting the displacement of the particle 
whose mean co-ordinate is ^. 

50. We shall now examine the relation between the 
velocity of a particle and the position of the particle on 
the waves. 

We know that the velocity in simple harmonic motion 
is greatest at the central point and diminishes to nothing 
at the extremities. Hence a particle at the crest of a 
wave, as a (Fig. 3), or at the trough, as c, is for the instant 
at rest, and the maximum velocities are at b and d, the 
points midway between crest and trough. If the waves 
in the figure are travelling from left to right, b is rising 
with maximum velocity, and d is falling with maximum 
velocity. All particles between a and c are rising, and 
all particles between c and the next crest a' are falling. 
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If we consider two points very near together on a wave, 
it is evident that they rise or fall through the difference 
of their heights during the time in which the waves 
advance through their horizontal distance. Hence, the 
difference of their heights, divided by their horizontal 
distance, is equ(^l to the v^l^city of eith^ particle divided by 
the velocity ^f propagation of the waves: That is to say, 
in the language of the differential calculus. 



4^ 



dx V ^ ^ 



d 



where y denotes j-^, the negative sign being prefixed 
a L 

because -^ is negative from a to c, where the particles 

are rising, or, in other words, where jy is positive. 

This conclusion can be verified by differentiating 
equation (10). For, writing that equation in the form 



we have 



therefore 



but 



y ^ a cos 6, where ^= 2 ir, 



dy _dy d^ dy_ dy d^ 
(ix^oH dx di" dhW 



dy .dy ,,d^ .d^ ^ 
dx dt dx dt' 



dh 2'K J, dQ 2'n-v 

— = — — , and -j-= , 

dx A' dt 7^ 
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hence ' 

ax ai 

which agrees with (12). -^ is obviously the tangent of 

the inclination of th6 curve to the axis of x 

.51. Next let the vibrations be longitudinal] that is, let 
the lines of motion of the particles be coincident with the 
direction of propagation of the waves. 

The particles will then, remain always in one straight 
line, but their alternate forward and backward move- 
ments will bring them- sometimes nearer together and 
sometimes further apart; so that instead of crests and 
troughs we shall have compressions and extensions pro- 
pagated along the line of particles. Equation (10) or (i i) 
still represents the displacement of any particle from its 
mean position, and we shall regard y as positive when the 
displacement is forward (understanding by the forward 
direction the direction in which the waves are propa- 
gated, which is the same as the direction of the positive 
axis of;*:). Hence, where we had before a crest we shall 
now have a maximum forward displacement, and where 
we had before a trough we shall now have a maximuni 
backward displacement. 

To calculate the compressions and extensions, let x 
be the mean co-ordinate of one particle, that is, the co- 
ordinate of the particle when in its mean position, and 
x^-^x the mean co-ordinate of a particle a little in 
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advance of it. Also let y and ^ + 8^ be their respective 
displacements from their mean positions. Then the dis- 
tance between the two particles, instead of being the dis- 
tance 8^ between their mean positions, is 8^+8^. The 
measure of the extension is the increase of distance 8 j/ 
divided by the mearr distance 8\r, or more strictly is the 

limit of this ratio -^. When -^ is positive, it indicates 
(ix dx 

extension, and when negative, compression. 

From the equation 

dy ^ _ y ' 

dx V , . 

we infer that particles which are moving forward (and for 
which therefore y is positive) are in compression, that 
particles which are moving backward are in extension, 
and that the amount of compression or extension is 
directly as the forward or backward velocity of the par- 
ticles, being equal to the quotient of this velocity by the 
velocity of propagation of the waves. 

It is by longitudinal vibrations that sound is propa- 
gated through air, and through all gases and liquids. 
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CHAPTER V. 

COMPOSITION OF TWO SIMPLE HARMONIC UNDULATIONS 
OF EQUAL WAVE-LENGTH. 

52. By calling an undulation the resultant of two others, 
we mean that the motion of each particle is the resultant 
of the motions due to these two component undulations. 
In general the resultant of two displacements is the 
diagonal of the parallelogram of which the two com- 
ponent displacements are the sides ; but we shall for the 
present confine our attention to the case in which the two 
components ai'e parallel. The resultant will then be 
their algebraic sum. In every case we shall suppose the 
velocity of propagation to be the same for both the com- 
ponent undulations. 

53. First, let the direction of propagation be the 
same for both, and their wave-lengths equal. Since the 
velocities of propagation are also equal, the periods will 
be equal, and the difference of phase will be a definite 
quantity, the same for all the particles and remaining 
constant. Let this difference of phase be ^, and let the 
amplitudes of the two undulations be a and 6. The 
motion of each particle is then the resultant of two simple 
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harmonic motions in the same straight line, with a 
difference of epochs ^. This resultant is (by § 33) a 
simple harmonic motion of the same period as the com- 
ponents, and having an amplitude 

c^ V {a^-¥fi^2ab cos ^) 
represented by the diagonal of the parallelogram, whose 
sides are the two component amplitudes a and d placed 
at an angle ^, 

54. If the wave lengths of the two component undu- 
lations are only approximately equal, while their velocities 
of propagation are still supposed to be exactly equal, the 
difference of epoch <]^ will have different values at differ- 
ent points at the same moment, or for the same particle 
at different moments. The amplitude of vibration of 
each particle will, on the principles of § 34, alternately 
increase and diminish, its maximum value being the 
sum, and its minimum value the difference of a and b. 

55. These results can be verified by means of the 
standiard equation (10) of wave motion. 

Denoting for shortness 2^ by 5, we may 

write the equations of the two undulations, on the as- 
sumption that X is the same for both, 

jKi=^ cos d, 
y^=b cos (d-^), 
and the equation of the resultant undulation will be 
y^a cos 9 + ^ cos (d— ^) 
= cos fl {a-^-b cos ^) + sin S {b sin ^). 
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This will take the form 

. yzpc (cos d cos \(/+sin d sin >J/) =^r cos (fl— >J/), 

if we have 

c cos >J/=^ + ^ cos <]^, 

^ sin >|/=^ sin ^. 

These two last equations give, by squaring and adding, 

^=«*+^^+ 2ab cos ^y 

and by division they give 

. ^ , . ^ sin. 6 
^ + ^cos^ 

Hence c and >J/ can always be determined in terms of the 

given quantities a, b, and ^, and y can thus be reduced 

to the form 

y='c cos (d— ^l^), 
that is 



y=^c cos (^^-^2 x- 4/), 



-where c and >|/ are independent both of x, and /., This 
last equation evidently denotes a simple harmonic un- 
dulation of wave length x, velocity v and amplitude c, 

56. On the supposition of a slight difference in the 
wave-lengths of the two components, the circumstances 
are approximately represented by making ^ vary slowly 
with t. Then the greatest value of c^ will be obtained 
by putting ^=0, and will be«^ + ^^ + 2 a^ or {a+by ; and 
the least will be obtained by putting >|/=5r, and will be 
{a—by. The mean value of c^ will (as explained in § 35) 
hea' + b\ 



WAVES IN OPPOSITE DIRECTIONS 49 

57. The case discussed in §§ 54-56 is that which 
occurs when two simple tones of nearly the same pitch 
are emitted from two neighbouring sources of sound. 
The waves from the two sources are propagated through 
the surrounding air with the same velocity, and those 
which belong to the sound of higher pitch are slightly 
shorter than the others. 

58. Next, let the directions of propagation be oppor 
site for the two component undulations, their wave- 
lengths being exactly equal, and also their amplitudes. 

First, suppose the vibrations to be transverse. Then 
the successive actions will be understood by inspection of 
the annexed figures 21, 22, 23, 24. The heavy curv6 
in each figure represents a definite portion a B c d a' of the 
vibrating string, and the two lighter curves above it 
represent the two component undulations travelling in 
opposite directions, as suggested by the arrows. The 
interval of time from each figure to the next is a quarter 
period. 

In Fig. 21 there is a coincidence of crests at b and 
of troughs at D. 

In Fig. 22 a crest coincides with a trough at a, c, 
and a^ ^ 

In Fig. 23 there is coincidence of troughs at b and 
of crests at d. 

In Fig. 24 there is a coincidence of crest with trough 
at A, c, and a'. After another quarter period the state of 
things in Fig. 2 1 will recur. 

E 
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In each quarter period one component has travelled 
a quarter wave-length to the left, and the other the 
same distance to the right, so that their displacement 
relative to each other is half a wave-length. 

Comparing together the four positions of the string 





Fig. 21. 



Fig. 22. 





Fig. 25. 



Fig.. 24. 



here represented, it is easy to understand that the points 
A, c, and a' remain permanently at rest, and the points b 
and D midway between them undergo the largest dis- 
placements. On the other hand, if we attend to the 
direction of a tangent at a given point of the string, we 
see that this direction changes most at a, c, and a', and 
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does not change at all at b and d. The points of perma- 
nent rest, A, c, and a' are called nodesy and the points of 
maximum displacement, b and d, antinodes. 

59. Now, passing to the case of longitudinal vibra- 
tions, consider the state of things at the moment when 
the maximum compressions in the two sets of waves are 
in coincidence, and, therefore, the maximufn extensions 
also va coincidence. At this moment the effect of one 
set of waves, as regards compression or extension, is at 
every p6int the same as the effect of the other set> both 
in kind and in degree, and the resultant effect will be 
double of either. 

But as regards velocity the effects destroy one 
another ; for at the places of compression the velocity 
due to, either set is in the direction of propagation of 
that set, and these two directions of propagation are 
opposite ; while at the places of extension the velocities 
are opposite to the directions of propagation, and, there- 
fore, are here also opposite to each other. Hence, there 
is, instantaneous rest all along the waves. 

Next, consider the state of things at the moment 
when the maximum compressions of one set coincide 
with the maximum extensions of the other. We shall 
then have mutual destruction of effect as regards com- 
pression and extension, but the velocities due to the two 
sets will be identical, and therefore the resultant velocity 
will be double of either. 

The time intervening between the two moments here 

£ 2 
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considered is only a quarter of a period ; for since the 
two sets of waves are travelling opposite ways, their 
relative velocity is double the absolute velocity of either ; 
and the interval of time in question is the time of travel- 
ling over half a wave-length with this double velocity, or 
is the time in which each set of waves advances a quarter 
of a wave-length. 

60. After another quarter period the waves will 
have advanced another quarter of a wave-length, and we 
shall again have double compressions and extensions, 
with instantaneous rest everywhere ; but as the waves 
have advanced half a wave-length since the moment first 
considered, the places of compression and extension are 
interchanged. The points which were then the places of 
maximum compression are now the places of maximum ex- 
tension, and vice versd. Hence there are certain points, 
situated at regular intervals of half a wave-length from each 
other, which are alternately the points of maximum com- 
pression and of maximum extension. At these pointSt the 
compression or extension is constantly double of that 
due to either set of waves separately, and the velocity 
is constantly zero — in other words, these are places of 
permanent rest. They are called nodes. 

61. When the maximum compressions of one set 
are in coincidence with the maximum extensions of 
the other, the points at which these coincidences occur 
are midway between the nodes. At these points (which 
are called antinodes) the velocities at the moment now 
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under consideration are double of the maximum velocity 
due to either set separately, and are in opposite directions 
at any two successive antinodes. The velocity at these 
points is constantly double of that due to either set of 
waves separately, and the compression due to one set is 
constantly destroyed by the extension due to the other 
set. 

62. We shall now establish these results as deduc- 
tions from the equations of wave motion. Opposite 
directions of wave propagation must be distinguished by 
opposite signs oiv. Hence, since the equation of waves 
travelling in the direction of + ^ is 

jj/i=«cos -— — 2^, (13) 

A 

the equation of equal waves travelling in the direction of 

—X will be 

x-^-vt /, V 

y^^d cos — r^ — 2ir. (14) 

The equation of the resultant waves is obtained by 

adding these, and is 

f x—vt , ^. ^+^' ^^ I 
y=a { cos 29r + cos — - 27r V 

2W X ^^^ 2'7r Vt / V 

= 2« COS COS — - — . (15; 

A A 

Hence we have 

dy ATT a ' 2'nr X ^^^ 2ir vt , ^^ 

-^= — it sm COS — - — , (10) 

^ X X A 

^ ^ - ^1I± cos ^^ sin .?^ . (17) 
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Remembering that jK denotes displacement, -^ ex- 

dy 
di 

ferences from these equations. 



dx 
tension, and -^ velocity, we can draw the following in 



(A) At the points for which sin .3— l=o, and there- 

fore cos ^^^ =; ± i, there will be no extension or 

compression, but the displacements and velocities will be 
greater than at any other points. These are the anti- 
nodes. To find them we must put 

— — = nf^y where m is any integer,- and we have 

X 

2 

(B) At the points for which cos — — = o, and 

A 

therefore sin — — = ± i, the displacements and velocities 

are constantly zero, but the compressions and extensions 
are greater than at any other points. These are the nodes. 
To find them we must put 



mir + — , whence ;i: = ^ - + -» 



A 2 24 

(C) At the times for which sin = o, and there- 

r 2Tr Tjt 

tore cos == ^ i, the velocity is everywhere zero, 
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and the displacements and compressions or extensions 
are. everywhere greater than at other times. To find 
these times we must put 

27r vt 



X 



= mir ; or, smce X= zrr, 



-^ = mir, whence t ^ nt\ 



(D) At the times for which cos = o, and there- 
fore sin = ± I, there is no displacement nor exten- 
di 

sion or compression anywhere, but the velocity is every- 
where greater than at other times. To find these times 
we must put 

27rvt 2Tr t . ^ 1. ^ T . T 

= = mir + -, whence t =^ m - + -. 

XT 2 24 

The origin from which x is measured in the equations 
which we have been using is evidently an antinode. 

63. Passing now to the case in which the vibrations 
are transverse, equations (13) to (17) will still hold, y still 

denoting displacement and -^ velocity ; but -^, instead 

of denoting extension, will denote the tangent of the in- 
clination of the wave to the axis of x. The nodes, or 
places of permanent rest, will be at the same points as 
before, as will likewise the antinodes or places of 
maximum departure from rest. The tangent to the wave 
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remains constantly parallel to the axis of x at the anti- 
nodes, and departs furthest from parallelism at the nodes. 

64. The undulation represented by equation (15), 
which may be written 

2W X 2Tr t 

y^2a cos cos ^, 

is called a stationary simple harmonic undulation. A 
cord vibrating in the manner represented by this equation 
does not present the appearance of waves running along 
it, but swings from side to side, while certain points in 
it, namely its nodes, remain fixed. 

The investigation which we have given shows that a 
stationary simple harmonic undulation can be resolved 
into two S.H. undulations, each of half its amplitude, 
travelling in opposite directions with equal velocities. 

A vibrating musical string behaves as if it were a 
portion of a string of indefinite length, along which two 
equal sets of waves travel in opposite directions. 

65. We shall now discuss a few cases of the compo- 
sition of s.H. undulations lying in two planes perpendicu- 
lar to each other. 

Let 2 denote distance measured along the line of 
mean positions of the particles, x and y the component 
displacements of a particle from its mean position. 

To find the resultant of two stationary s.h. undulations, 
lying in perpendicular planes and having the same nodes, 
we must combine the two equations 
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2Jr z 2ir / 

X'=. 2a cos cos , 

X T 

y==2ocos cos( — 8 j ; 

or, writing 

A for 2a cos ?^, b for 26 cos ?^, and 6 for ^^, 

X X T 

:ir=A cos fl, y=Bcos(fl— 8); 

and § 44 shows that the paths of the particles will in general 
be ellipses (the straight line and the circle being par- 
ticular cases). A and b vary from particle to particle 

in proportion to cos . Their ratio is the same for all 

the particles, and 8 is also the same ; hence all the 
ellipses will be similar and similarly placed. Also, since 
the ratio of ;i: to j^ is the same for all the particles, they 
all lie at a given moment in one plane, which revolves 
round the axis of 2 in the line t. 

66. To find the resultant of two s.h. undulations lying 
in perpendicular planes and travelling in the same direc- 
tion, both having the same wave-length, we must com- 
bine the equations 

xsza cos 27r, 



y:s6 cos ( 277— 8J ; 



or, writing 9 for — — ^ 2ir, 

A 



x^a cos h^yz=.b cos(d-8). 
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Hence in this case also the motion of each particle is 
in general elliptic. Since a and b are constants, all the 
ellipses will be equal and will have the same projection 
on the plane of x, y. The value of S is proportional to 
z—vt\ hence different particles will have the same value 
of fl at different times connected by the relation 

Difference of z^v x interval of time. 

In the particular case in which 8= ± -, and a =6, the 

particles will describe circles with uniform velocity, and 
the whole motion will be that of a corkscrew rotated on 
its axis without longitudinal motion. The corkscrew (or 
Ae/ix) will be right-handed or left-handed according to 
the sign of 8. 

67. If the wave-lengths of the two components are 
only approximately equal, the ellipses described by the 
particles will gradually change in the manner described 
in § 45. This result is very important in connection 
with what is called elliptic polarization in optics. 






CHAPTER VI. 

COMPOSITION OF TWO SH. MOTIONS OF DIFFERENT 
PERIODS. 

68. Thus far wq have confined our attention to the 
composition of motions of the same or nearly the same 
period. We now proceed to some cases not thus limited. 

First, let the two s.h. motions to be compounded be 
at right angles to each other, and have periods in the 
ratio of i to 2. 

Let T be the period for the x component, and t' the 

period for the y component ; let 3 stand for ?^ and Q for 

—-7-. Then we have, by § 10, 

x=za cos (S — e), 

j|/=^cos(d'-£0. 

6 t' 
But 77=- ; hence if t is double of t', d' is double of ^. 
9 T 

Also, by recko'ning time from an instant when x has 
its maximum value, we make 6=0, and, putting 8 for the 
difference of epoch e'—e, we shall have 

x=:a cos Q 

y^dcos (2d-8). (12) 

If we eliminate fl from these equations we obtain an 
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equation of the fourth degree, which is not of much 
interest ; but in two particular cases the second half of the 
curve coincides with the first — the moving point retrac- 
ing its course — and the equation reduces to the second 
degree. One of these is the case of 8=0, which gives 

■^ =cos 2^=2 cos^fl— 1= — r— I, or 
cr 

the equation of a parabola, whose vertex is at a distance b 
from the central point of the vibrations, and focus at the 

distance 5^ from the vertex. 
ob 

The other is the case of 8=ir, which gives 

4/ fir 

^ = — COS 2S, and ^ — —l ("JK + ^)> 

denoting the same parabola inverted, its concavity 
being now turned towards the negative instead of the 
positive axis of jj/. 

Of the other curves, the most interesting is the sym- 
metrical figure of 8 which corresponds to 8 = — and 

8= — -, the path being the same for both these cases, 

but traced in opposite directions. 

The first line of Plate II. shows these and some of 
the intermediate forms. 

69. Whenever the two periods are commensurable, the 
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curve described returns into itself, and the period of its 
description is their least common multiple. Let the ratio 
of T to t' (reduced to its lowest terms) be that oi m \n. 
Then the equations will be 

x=a cos n 6 (13) 

jj/=^ cos (m fl— 8). 

The curve will be inscribable in a rectangle whose sides 
are 2a and 23, since the extreme values of :r are ± a, and 
the extreme values of jv are ±d. Each of the two ex- 
treme values of x is attained n times, and of jv, m times, 
in the complete period. 

When 8 is o or ^, the tracing point will go twice over 
its path — once forward and once backward ; for in the 
former case we have 

- = cos n6y ^, = cos m6 ; 
a 

and — S gives the same values both of x and jj/ as -r fl ; 
that is to say, the tracing point will be in the same spot 
at equal distances of time before and after the beginning 
of each complete period ; this beginning being fixed by 
the equations at a time when both x and y have their 
maximum positive values. 

70. In like manner, when 8 = ^, the equations 

- = cos n6, -^ =^ — cos m S 
a o 

show that the tracer will be in the same place at equal 
intervals of time before and after the moment when x 
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and y have their extreme values, orie positive and the 
other negative. 

By giving 8 the value ~ or ^ we obtain a curve 

possessing special features of symmetry. In the former 
case we have 

Xi=^ a cos n d, 

yi = dsm m^ \ 
and in the latter 

X2-=^ a cos n 5, 
"' ' y^'=^ "^b sin m^. 

Every point on the locus of ^i^i is also on the lociis of 
^2 j)'2» and corresponds to a value of 9 the same in magni- 
tude but opposite in sign. Hence the two curves are 
the same, but are traced in opposite directions. 

71. The curves obtained by compounding two simple 
harmonic motions are often exceedingly beautiful, and 
the movements of the peri in tracing them, when it travels 
at a convenient speed for the eye to follow, are graceful 
in the extreme. Several examples are represented in 
Plate II., the specimens selected being for the most part 
either the symmetrical curve just described, or the curve 
which terminates abruptly at the ends, the tracer return- 
ing upon itself, as described in § 69. The ratio of the 
two periods is indicated in each case. (See also § 94.) 

72. The following is the geometrical construction for 
tracing these curves by points. 

Describe two concentric circles of radii equal to the 
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amplitudes of the two components. Let h be the point 
which by its motion round one circle gives the horizontal 
displacement, and v the point which by its motion round 
the other gives the vertical displacement: Then, having 
selected the starting points h^ and v^ so that v^ is 90°— S 
in advance of h^, find the intersection of a vertical through 
H^ with a horizontal through v^. This will be one point 
on the curve. Set off in the forward direction a succes- 
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sion of equal arcs h^ Hi, Hi kg, &c., of any convenient 
magnitude on the one circle, and on the other equal arcs 
Vo Vi, Vi Vg, &c., such that the latter are to the former 
(when expressed in degrees) as the period of the hori- 
zontal to the period of the vertical vibrations (or as m to 
n in equation 13, if :r is horizontal and^ vertical). Find 
the intersections of a vertical through Hi with a horizontal 
through ,Vi, a vertical through H2 with a horizontal through 
Vj, and so on, until the curve obtained begins to return 
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into itself, which will in general be after travelling n times 
round one circle and m times round the other.^ 

Fig. 25 illustrates the application of this method to 
the curve whose equations are 

X =^ a cos 3 fl, jK = ^ cos 2 fl. 

v^ the starting point for y is one right angle in advance 
of H^ the starting point for Xy and the curve begins to be 
retraced backwards after f revolutions of h and one 
revolution of v. 

y^2i- When the ratio of the two periods is approxi- 
mately but not exactly that of two small whole numbers 
m and «, the curve described will approximate in succes- 
sion to each of the curves obtained by giving different 
values to 8. If 8 is increasing (of course at a very slow 
rate compared with wfl), the increase of ;»fl — 8 is less 
than the increment of m fl, and thus the y vibrations, 
which depend upon cos (wfl— 8), are slower than they 
ought to be in comparison lyith the x vibrations. 

74. To describe any of these curves by means of the 
simple apparatus described in § 40 (which is called Black- 
burn's Pendulum), the lengths of the strings must be so 
regulated that if e is the point where A B would be cut by 

^ If the number of vibrations made in the unit of time be called their 
frequency (so that period and frequency are reciprocals), the arcs set off in 
the two auxiliary circles are to be directly as the fre<juencies. In the 
vibrations represented by the equation 

y ^ b cos {m& — h) 

the period is - of the time in which & increases from zero to 27r ; hence the 
fn 

frequency is directly as m. 
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c D produced, e d is to c d as m^ to n^ ; inasmuch as the 
period of vibration of a pendulum is as the square root of 
the length. 

75. They may also be obtained by means of the 
vibrations of a straight rod, fixed at one end and free at 
the other. If the rod offers the same resistance to bend- 
ing in all longitudinal planes, the free end will 
describe either an ellipse, a circle, or a straight 
line, according to the manner in which it is 
started ; but if it is not equally stiff for all direc- 
tions of bending, there will be two directions at 
right angles to each other, in one of which the 
resistance is a maximum and in the other a mini- 
mum; and the vibrations actually executed will 
be compounded of two simple harmonic vibra- 
tions in these directions. 

If the section of the rod be a rectangle of sides 
a and b, or an ellipse whose length and breadth 
are a and b, the resistances to equal displacements 
of the free end parallel to a and b respectively 
will be as d^ to ^^ and the periods of vibration 
in theae directions will be as ^ to ^. 

Rods constructed for showing the composition of 
these vibrations are called KaleidophoneSy and the best 
form (on account of the great variety of curves that it 
can show) is the dotible-spring Kaleidophone, represented 
in Fig. 26. 

76. Two long narrow and flat pieces of steel, a b, c d, 

F 



Fig. 26. 
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are joined in one straight line, with their planes at right 
angles* The lower piece a b is fixed in a vice or similar 
clamp at any point in its length that may be desired, so 
that the portion of a b above the clamp, and the whole 
of CD, are free to vibrate. A bright bead e is firmly 
attached to the top of c d, and serves as a moving point 
of light, which, by the persistence of impressions in the 
eye, leaves a luminous track as the observer looks down 
upon it. 

When the upper end of c d is drawn aside anjd then 
let go, it does not return diriectly towards the position of 
equilibrium unless the displacement be in one of the two 
planes a b or c d. If the lower piece is clamped very near 
its upper end, there will be great resistance to displace- 
ment in the plane c d, and the vibrations in this plane will 
accordingly be much quicker than those in the perpen- 
dicular plane. If the clamp is near the lower end a, 
there will be little resistance to displacement in the plane 
c D, and the vibrations in this plane will be slower than 
those in the perpendicular plane. There is one definite 
position of the clamp which will make the times of vibra- 
tion in the two planes equal ; and as we move the clamp 
either upwards or downwards from this, the times of 
vibration become more and more unequal. The ratios 
1:2, 2 : 3, 3 : 4, &c., can thus be obtained each in two 
ways. 

77. A third method is furnished by Tisleys Harmono- 
graph or compound pendulum apparatus, the working of 
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which' will be understood from Fig. 27. Two pendulums 
oscillate in perpendicular planes, their axes of suspension 
being at some distance below their upper ends. Two 
light rods attached to these upper ends by ball and socket 
joints are jointed at their further ends to the penholder, 
and thus enable each pendulum to push and pull the pen 
in a direction parallel or nearly parallel to its own plane 
of vibration. The pen is a vertical glass tube drawn out 
to a fine point below, and draws the curves upon a card 
laid beneath it As the amplitudes of the vibrations of 
the pendulums gradually diminish, 
the curves become gradually smaller, 
and very beautiful effects of shading 
are thus obtained. The first two 
figures in the last line of Plate III. 
are examples. The ratio of the 
periods is indicated in each case. 

Ill another form of the apparatus, 
one of the pendulums carries at its 
top a table, on which the card is to be 
laid, and the other pendulum, by means 
of an arm, carries the pen. The curves 
are thus produced by the movement 
of the card in one direction, com- 
bined with the movement of the pen 
in the perpendicular direction. 

78. A fourth method, due to Lissajous, is represented 
in Fig. 28. Two large tuning-forks vibrate, one in a 




Fig. 27. 
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honzontal and the other in a vertical plane, each having 
a small mirror clamped to one prong near the end, the 
plane of the mirror being parallel to the flat of the prong ; 
and a beam of light from a small but powerful source is 
reflected from one mirror to the other and thence to a 
screen, a lens being interposed between the source and 
the first mirror, at a proper distance for bringing the 
beam to a focus on the screen. When one of the forks 
vibrates, the ray reflected from it swings to-and-fro in th^ 
plane of vibration through a small angle, and if the other 
fork is stationary the image on the screen moves to- 
and-fro in a straight line, presenting (by the persistence 
of impressions) the appearance of a line of light on the 

|S 

. ^^ — ^ 



Fig. 28. 

screen. When the other fork alone vibrates, the appear- 
ance is that of a line of light perpendicuUr to the former ; 
and when both vibrate, these two rectangular movements 
are compounded, producing luminous curves of the forms 
discussed in the preceding sections. As the curves first 
became popularly known by this experiment, they are 
often called Lissajous* figures. 

Fig. 28 represents a section of the apparatus made by 
a plane containmg the whole course of the beam of light, 
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which we may conveniently suppose to be horizontal, f 
is the source of light, consisting of a lamp flame shining 
through a hole in one side of a metallic chimney, l the 
lens (its conjugate focal distances being r l and l A4- a b -f 
Bc), A the mirror attached to the horizontal fork, b the 
mirror attached to the vertical fork (the two prongs of 
which are seen in section), c the spot of light on the 
screen s s. The movement of a causes c to move along 
the line s s, and the movement of b causes c to move 
perpendicular to the plane of the diagram. 

79. Another mode of obtaining them by means of tuning 
forks is to attach the object glass of a compound micro- 
scope to a prong of one tuning fork, the eyepiece and tube 
being attached to a fixed support, and to observe through 
the microscope a small bright object, such as a grain of 
starch, attached to a prong of the other fork. The focal 
length of the lens should be two or three inches, and the 
vibrations of the two forks must be in parallel planes but in 
perpendicular directions. If the two forks are exactly in 
unison, or if the interval between their notes be an abso- 
lutely true musical interval, there will be no change in the 
curve observed, after the forks have been started and left 
to themselves, except such as results from the gradual 
diminution of the amplitudes ; but if the interval be ever 
so little untrue, the gradual change of form will be readily 
detected. This optical test of the exactness of the tuning 
of a fork is more delicate than any that is furnished by 
the sense of hearing. 
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80. If a tracing point travels pn the surface of a 
circular cylinder, with a motion compounded of uniform 
rotation round the cylinder and s.h. piotion parallel to its 
axis, the projection of its motion uppn a plane parallel to 
the axis is the resultant of two rectp.ngular s.n. motions ; 
for the component parallel to the a:fis is unchanged, and 
the rotational component projects into s.n, motion per- 
pendicular to the axis. The relative epoch 8 in equa- 
tions (13) will depend on the position of the plane of 
projection with respect to the figure traced on the 
cylinder ; and if the cylinder carrying the figure with it 
be turned on its axis through any angle while the plane 
of projection remains fixed, 8 will be changed by an 
amount equal to this angle. The appearance actually 
seen in either form of Lissajous' experiment is very 
suggestive of a cylindrical curve thus rotating uniformly 
on its axis ; the apparent rotation being uniform because 
the change of 8 takes place at a uniform rate. 

When the periods of the two components are equal, 
we have seen that the figure corresponding to a certain 
value of 8 is a straight line. Hence, by the above con- 
struction, the curve on the cylinder for equality of periods 
is a plane section of the cylinder, and is therefore an* 
ellipse. 

All the Lissajous' figures obtained by giving different 
values to 8 in the equations 

X — a cos « fl, y — b cos {m 6 — 8), (14) 

are projections of the curve obtained by winding round 
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a cylinder of circumference a s.h, curve of ampli- 

tude b and wave-length . The number of wave- 

w 

lengths required will be m, and they will go n times 
round the cylinder. The axis of this cylinder is parallel 
to the axis oi y. If we take the axis of our cylinder 
parallel to the axis of x^ we must interchange a with b 
and m with n in this description. 

81. If a point vibrates with a motion compounded of 
two simple harmonic motions parallel to the axis of y, 
and leaves a trace upon paper which moves uniformly in 
the direction of the negative axis of x, the equation to 
the trace will be 

y ^ a cos mx + b cos (nx — 8). (15) 

The first term will not be altered if we increase x by 

^, which may accordingly be called the wave-length of 

this term. In like manner the wave-length of the second 

term will be — , and the least common multiple of these 
n 

two wave-lengths will be the wave-length of the resultant 
curve. 

When m and n are equal, the resultant curve will, by 
§ 33, be a simple harmonic curve of the same wave- 
length as each of its components, and of amplitude 
having any value between the sum and the difference of 
a and by according to the value of S. It will be the sum 
when 8 = 0, and the difference when 8 = ;r. 
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82. If 8 increases or diminishes at a rate which is 
very slow compared with the increase of nx and mx, we 
shall have a succession of different curves, each nearly 
identical with that which would be given by a constant 
value of 3, this constant value being different for successive 
curves. The case of two s.h. vibrations whose periods 
are approximately in the ratio of two small integers can 
be reduced to this. For example, the equation 

y=,a cos 30 x-i^b cos 19 x, 
can be written 

y-sza cos 30 :r-f- b cos (20 x—x), 
which is of the form of equation (15) with ;;^ : « as 3 : 2, 
and trT.x, 

When the ratio o( m : n is approximately unity, we 
have what may be called the curve of beats. For 
example, the equation ,. 

y^a cos 55 x-j-b cos 54 x, 

consists of a series of approximately s.h. curves, their 
amplitudes varying from the sum to the difference of a 
and b. This is obvious from § 34. 

Plate I. contains six specimens of the curve 

y=a cos mx+'b cos nx, 

with m and n approximately in the ratio of two small 
integers, and a=ib. The value of « or ^ is the same for 
all the curves. The approximate ratios are marked on 
the left hand, and the accurate ratios on the right.. 
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MECHANICAL ILLUSTRATIONS OF SIMPLE HARMONIC 
MOTION. 

83. In this chapter we propose to describe instances 
of simple harmonic motion not depending on vibrations 
of pendulums, or on forces of elasticity, but on arrange- 
ments for the transmission and transformation of motion, 
and especially on arrangements for transforming circular 
into rectilinear motion. 

84. Uniform circular motion can be converted into 
simple harmonic motion by the arrangement shown in 
Fig. 29. A B is a piece which by means of the guides o g 
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Fig. 29. 

is constrained to travel in a straight line ; and in one part 
of it there is a slot at right angles to the line of travel. 
A crank revolving uniformly in a circle (both indicated 
by dotted lines) passes through this slot, which it fits so 
accurately that there is no shake, and at the same time 
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no pinching. The slot and the piece a b in which it is 
cut will evidently be compelled to take a simple harmonic 
motion. 

This plan involves a large amount of friction ; and it 
would be difficult to preserve a good fit, as the parts 
would wear loose. Instead of allowing the crank to rub 
against the slot, it is better, as suggested by the Rev. F. 
Bashforth, in 1845, to make the crank work in a circular 
hole in the centre of a sliding-piece which travels in 
the slot. Fig. 30, which is copied from Mr. Bashforth s 
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drawing, shows the slot and sliding-piece with the hole 
in its centre. 

85. A motion approximately simple harmonic can be 
obtained by the arrangement shown in Fig. 31. a b is a 

B 
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crank revolving uniformly roiind the centre a. c d is a 
rod guided to move in a straight line passing through a, 
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and B c is a connecting-rod jointed at b and c to the other 
two pieces, c d will have a reciprocating motion, which 
will be more nearly simple harmonic as the ratio of the 
length of the connecting-rod to that of the crank is 
greater.^ The arrangement here described is met with 
in many of the commonest forms of steam-engine, cd 
being the piston-rod and a b the crank, which it drives 
with a nearly uniform velocity of rotation ; the uniformity 
being maintained by means of a fly-wheel, or in the loco- 
motive by the inertia of the engine and train. A similar 
arrangement is also generally employed for working the 
slide-valves, the crank a b being usually replaced by an 
eccentric mounted on the axle of the fly-wheel. If b be 
the centre of this eccentric and A the fixed point round 
which b revolves, the motion of the connecting-rod b c 
and of the valve-rod c p will be precisely the same as if 
A B were a crank. 

86. In steam-engines which admit of being reversed, 
the apparatus for reversing consists usually of a combi- 
nation of two eccentrics, each having its own connecting- 
rod for giving an approximately simple harmonic motion 
to the slide-valves. The principle of its action is illus- 
trated by Fig. 32, where a and b are the two eccentrics, 
their centres revolving in one and the same circle (the 

* If the projection of B c upon the straight line A c D can be regarded as 
of constant length, the motion of c is the same as the motion of the projec- 
tion of B, and is therefore simple harmonic. In order that the motion of c 
may be sensibly simple harmonic, the difference between the greatest and 
least projections of Be (the former being BC itself) must be negligible in 
comparison with the amplitude A B. . 
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dotted circle in the figure) round a fixed centre. The 
line joining the centres of the two eccentrics is always a 
diameter of this circle, so that when one is in the extreme 
position to the right the other is in the extreme position to 
the left, c D is the valve-rod, which is constrained to 
travel in what is very nearly a straight line, passing 
through the centre of the dotted circle. The ends, e f, 
of the two connecting-rods are joined by a piece in which 




Fig. 32. 

a slot is cut for the purpose of receiving a button g, which 
moves with the valve-rod. In the figure the button is 
represented as midway along the slot. In this position, 
the opposite motions of the points e f combine to leave 
the button and valve-rod nearly at rest. This accordingly 
is the position for stopping the engine. 

By means of the bar f h, which contains three holes 



REVERSING OF STEAM ENGINESs!: -T^^/^W..^ v"^ 

for fixing it by a pin l, the slot can be made to travel '^ 
along the button. When the hole a is brought doWn to 
Lj the upper end of the slot will be brought down to the 
button, and the movement of the button will be governed 
by the eccentric a. This, is the position for driving the 
engine iii oiie direction — say forwards. Then, to reverse 
the engine, the hole b is brought to l, and the lower end 
of the slot is thus brought to the button, which will now 
be driven by the eccentric b instead of by a, and the 




Fig. 33. 

phases of motion for the valve-rod (and consequently fo 
the piston) will be reversed. 

87. New method of obtaining s.h. motion. 

A rigorous simple harmonic motion can be obtained 
without the friction of guides by employing a pantagraph 
(as described in § 22) to give the arithmetical mean of two 
equal and opposite uniform circular motions (see § 26), as 
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illustrated by Fig. 33. a d b e is a jointed rhombus, with 
two cross-bars jointed to the middle points of its sides. 
A pair of opposite comers, a b, are to be carried with 
equal and constant velocities in opposite directions round 
two equal circles in the same plane, so that the line join- 
ing A B is always parallel to the line of centres. Then 
the other diagonal de will always bisect the line of 
centres at right angles, and the point c, in which the 
cross-bars intersect, being identical with the intersection 
of the two diagonals, will be the projection of a or b 
upon the fixed line d e. The point c will therefore have 
simple harmonic motion, of amplitude equal to the radius 
of either circle. The motion of c could be magnified or 
diminished in any required ratio by means of a second 
pantagraph with one corner fixed,' and either the inter- 
section of its cross-bars or the opposite corner attached 
to c. The dotted line m n in the figure represents the 
path of c, and the dotted parallelogram' represents 
another position of the rhombus. 

We have for simplicity supposed the parallelogram 
A D B E to be a rhombus and the diagonal a B to be parallel 
to the line of centres ; but it is evident from §§22 and 26 
that these restrictions are not necessary. The general- 
ised construction will be as follows : — 

Let A D B E be any parallelogram with two cross-bars 
jointed to the middle points of its sides ; and let a pair 
of opposite corners ab be carried, with equal and con- 
stant velocities in opposite directions, round two equal 
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circles either in the same plane or in parallel planes ; 
then the intersection of the cross-bars will have s.ii. 




Fig. 35. 




Fig. 34. Fig. 36. 

motion. The simultaneous starting points may be any 
two points in the two circles. 

. 88. If we attempt to compound two opposite circular 
motions or two circular motions with unequal angular 
velocities in the same direction, by means of a jointed 
parallelogram (Fig. 34) with one coiner fixed and the 
two adjacent sides revolving round it, we are met by a 
serious practical difficulty ; for though, by placing the 
sides of the parallelogram in different planes, we may 
succeed in making them clear one another at the dead 
points (that is, the positions in which all four are in one 
straight line), as shown in the sections Fig. 35, there is 
nothing to prevent the frame from losing the parallelo- 
gram shape in passing these points, and changing into the 
form shown in Fig. 36. 

89. Simple harmonic motion can also be obtained by 
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making a circle roll uniformly inside another circle of 
double its diameter. 

For, let A PC (Fig. 37) be the smaller circle, b its centre, 
A the centre of the larger circle, and e a p d one of its dia- 
meters. Then, because a is 
on the circumference of the 
smaller circle, the angle ? b c 
at its centre is double of the 
angle a. The arc PC is 
therefore equal to twice a b 
multiplied by the circular 
measure of a, that is to the 
arc D c. From this equality 
of the two arcs, it follows 
that p comes in contact with 
the larger circle at d. Hence the path of p is the dia- 
meter D E. Also, since the angle a p c in a semicircle is 
a right angle, p is the projection of the point of contact 
c ; and as c travels uniformly round the larger circle, p 
has simple harmonic motion. 

90. It is worthy of remark that the motion of p may 
be regarded as the resultant of the motion of the centre b 
of the smaller circle, and the motion of p relative to b. 

Now B describes a circle with uniform velocity round 
•the fixed centre a; and, since the line bp revolves uni- 
formly, the motion of p relative to b is a circle described 
with uniform velocity. These two circles have equa 
radii (the radius of the smaller circle), and they are de- 
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scribed in the s^me time (the time in which the smaller 
circle rolls over the whole circumference of the larger) ; 
also the directions of revolution in them are opposite, and 
each of them is described uniformly. Hence, by § 26, 
the motion of P is rectilinear and simple harmonic, with 
amplitude double of the radius of the smaller circle, or 
equal to the radius of the larger. The result above 
obtained is thus confirmed. 

This proof further shows that the motion of any point 
carried by the rolling circle and not lying upon its circum- 
ference, is compounded of two uniform and unequal cir- 
cular motions of the same period in opposite directions, 
and is therefore (by § 27) elliptic harmonic. * ;. 

91. The two fqllovy^ing methods of obtaining s.h. 
motion are perhaps rather of theoretical than practical 
interest. 

If the extremities of a straight line a b, of constant 
length, are constrained to travel along two straight lines 
at right angles to one another, the middle point c of a b 
(since the middle point of the hypotenuse of a right 
angles triangle is equally distant from the three corners) 
will describe a circle round the point of intersection o of 
the two fixed lines. If we call these two lines horizontal 
and vertical, it is evident that a's motion is double of the 
horizontal motion of c, and b's motion is double of the 
vertical motion of c ; hence, if c revolve uniformly, the 
motions of a and b will be simple harmonic, with ampli- 
tudes double of the radius of c's circle. 

G 
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Fig. 38. 



To put this method in practice, we may replace the two 
fixed lines by two grooves, with a sliding piece tapered 

off at the ends travelling in 
each. The moving line ab 
will be a straight bar with its 
ends jointed to these sliding 
pieces. One end of a revolv- 
ing arm o c, of length equal 
to half the bar, must be jointed 
to the middle point of the bar, 
and its other end must be 
jointed to a point whose pro- 
jection on the plane of the grooves would be their inter- 
section. As the bar a b has to sweep over a considerable 
space all round o, the attachments for supporting the 
fixed end of the revolving arm oc must be at a con- 
siderable distance. 

92. This latter drawback can be avoided by discard- 
ing one of the grooves and one half of the straight bar ; 

the remaining half a c and the 
revolving arm o c jointed to 
it will form two sides of a vari 
able isosceles triangle, whose 
base, o A, is a portion of the 
groove. The objection to this 
plan is that when the sliding 
piece is near the middle point 
of its path (that is when a is near o) the pull or 
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thrust along a c is nearly perpendicular to the groove, 
and tends to jam the sliding piece against one side of the 
groove. The middle point itself is a dead point, the 
statically applied force there being perpendicular to the 
required motion. . . 

93. A machine for compoui\ding two parallel simple 
harmonic motions with any given ratios of period and of 
amplitude, has been invented by Mr. A. E. Donkin, and 
is constructed by Tisley and Company. 

There are two vertical axles turning in fixed positions, 
and carrying cranks whose lengths are made equal to 
the amplitudes of the two motions which are to be com- 
pounded* Toothed wheels of various sizes are pro- 
vided, which can be fixed on the axles (one on each), and 
the numbers of their teeth determine the ratio of the 
periods of the two components. As their axes are fixed, 
a third toothed wheel with movable axis must be em- 
ployed to connect them ; and by this means, when one of 
the two fixed axles is turned by hand, the motion is 
transmitted to the other with the required velocity- ratio. 
The crank carried by the first axle gives, through the 
medium of a long connecting-rod, a vibratory movement 
to the lower end of a lever, the upper end of which 
moves the pen (a glass tube drawn oiit to apbint). The 
paper is drawn uniformly, in a direction perpendicular to 
the movement of the pen, by the revolution of a roller, 
carrying a toothed wheel, which is driven by a train of 
wheelwork deriving its motion from the revolution of the 

G 2 
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above-mentioned vertical axles. One of these, as above 
stated, gives a vibratory movement to the pen. The 
other, by means of its crank and a long connecting-rod, 
gives a vibratory movement of translation to the frame 
on which the paper rests. The roller which draws the 
paper is also carried by this frame, and it is necessary 
that the toothed wheel on the roller should remain in gear 
with the pinion which is to drive it, in spite of this 
vibratory motion (which is parallel to the axes of the 
toothed wheel and pinion). This object is attained by 
making the pinion of great length (a long fluted cylinder), 
so that the toothed wheel can slide along it longitudinally. 
The speed of the paper and the lengths of the two cranks, 
as well as their velocity-ratio, can be regulated at pleasure, 
so as to give any required amplitudes and wave-lengths 
to the two undulations which are compounded. The 
figures in Plate I. are slightly reduced from curves traced 
by this machine. The approximate ratio of the two 
periods is stated on the left, and their rigorous ratio on 
the right. The amplitudes of the two components are 
equal in these specimens, but the machine admits of their 
being varied independently. 

94. By means of a bell-crank lever, the motion of the 
pen above described can be exchanged for a motion in the 
perpendicular direction, and thus vibrations at right 
angles to each other can be compounded. The figiires 
in Plate II. are slightly reduced from curves thus drawn 
upon paper fixed to the frame, and not drawn onwards 
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by the roller ; the change from one curve to the next of 
its kind being effected by unclamping the toothed wheels 
and turning one of them through a definite number of 
teeth before clamping again. The ratios of the periods 
are indicated in the margin. The following is a more 
complete account of the contents of the Plate. 

In all the curves in the first line the .ratio of the 
periods is 2 : i, two horizontal vibrations being executed 
in the same time as one vertical. The first and the last 
figure in this line are parabolas. 

In the second line, the ratio for the first four curves 
is 3 : 2, and for the last two curves 3:1, three horizontal 
vibrations being made in the same time as two or one 
vertical. 

In the third line, the ratio is 5 : 3 for the first three 
curves, and 5 : 4 for the last three ; five horizontal vibra- 
tions being made in the same time as three or four 
vertical. 

In the fourth line, the ratio is 9 : 8 for the first three, 
and 10:9 for the last three, the number of horizontal 
vibrations being in each case greater by unity than the 
number of vertical vibrations. 

All these ratios can easily be verified by inspection of 
the curves. For this purpose the student must count 
how many times he crosses over the horizontal breadth 
of the figure, and how many times over its height, in 
travelling along the curve, from one end of it to the 
other, if it has ends, or until it brings him back to the 
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point from which he started, if it be an endless ciirve. 
In the latter case it is convenient to select a starting- 
point as near as possible to one corner of the circum- 
scribed rectangle. 

On putting in wheels corresponding to a ratio which 
is approximately that of two small integers, the curves 
will gradually change of themselves, and will be found to 
cover with shading the whole surface of a certain rect- 
angle. The commencement of this process is exhibited 
in the last figure of Plate III., the ratio here being 
approximately that of equality. 

If, instead of the paper being fixed to the frame,, it is 
slowly drawn on by the roller, the curves are somewhat 
distorted, but the order of succession is clearly put in 
evidence, and the working is much more rapid. The 
traces thus obtained, five specimens of which are given in 
Plate III., often bear a striking resemblance to letters of 
ordinary writing, and might be taken as the foundation 
of a natural alphabet of quickly- written characters. The 
approximate ratios are indicated on the left hand of the 
Plate, and the rigorous ratios on the right, the number 
of vertical vibrations being in each case greater than 
the number of horizontal. The horizontal amplitudes 
are equal to the vertical amplitudes. All the curves 
except the first are on the same scale, both as regards 
amplitude and the action of the roller in drawing 
the paper onwards. In the first curve, the ampli- 
tudes are much larger in comparison with the motion 
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due to the roller, and hence the intersections are more 
numerous. 

- 95. A more elaborate combination of parallel simple 
harmonic motions is furnished by the tide-predicting 
machine of Sir William. Thomson. 

The variation of tidal level at a given port is approxi- 
mately the resultant of two simple harmonic variations, 
their periods being respectively half a lunar day and half 
a solar day, and the amplitude of the former being in 
general rather more than double that of the latter. When 
the phases of the two concur we have spring tides, and 
when they are in opposition we have neap tides. 

To obtain a closer approximation, the variation of 
tidal level must be regarded as the resultant of a much 
larger number of simple harmonic components, the 
periods of which are known from astronomical considera- 
tions, and are- the same for all ports, while the ampli- 
tudes and the epochs of maximum for the separate com- 
ponents will be very different for different ports. These 
epochs and amplitudes for a given port can be calculated 
from a year's continuous record of tidal level at that port 
(better from several years' record), and when they have 
been thus ascertained, the tidal level at any future 
moment can be predicted from them. The tide-predict- 
ing machine is intended for making such prediction in 
the form of a continuous curve, whose ordinates are the 
heights of the tide. The principle of its working is illus- 
trated by Fig. 40. 
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A number of pulleys, one for each simple harmonic 
component, are carried by cranks which are made to re- 
volve by clockwork, the length of each crank being pro- 
portional, to the amplitude of the corresponding compo- 
nent. The axles are ranged in two rows, an upper and 
a lower, and a flexible wire passes alternately below a 
lower and above an upper pulley. The distances of the 




Fig. 40, 

upper from the lower pulleys are very great compared 
with the lengths of the cranks, and the portions of wire 
which run from each pulley to the next are always nearly 
vertical. One end of the wire is fixed, and the other 
carries a heavy pen, which is guided to move only in one 
vertical line. The pen keeps the wire tight, and is raised 
and lowered by the movements of the pulleys. If only 
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one pulley moved, it would give the pen a simple har- 
monic motion, the amplitude of which would be double 
the length of the crank, because the height of the pulley 
determines the lengths of two of the free portions of wire. 
Hence, when all the pulleys are moving, the motion of the 
pen is the resultant of as many simple harmonic motions 
as there are pulleys. 

The axles are all driven by the same clockwork, a 
system of toothed wheels being employed to give them 
approximately the correct velocity-ratios. 

96. The first machine of this kind had ten pulleys, and 
was constnicted for the Tidal Committee of the British 
Association. A second machine on a larger scale, with 
twenty pulleys (and therefore giving the resultant of 
twenty s.H. components) has been constructed for the 
Indian Government and used for computing the tides at 
the principal Indian ports. 

Its pulleys do not travel in circles like those of the 
machine above described, but in vertical lines on the 
crank-and-slot principle of § 84, so that their motions are 
rigorously simple harmonic. 

The setting of the machine for the amplitudes and 
epochs of a. given port occupies only a few minutes, and 
the tidal curve for a year can be drawn in four hours. 
Plate IV. is a representation, on about ^th of the 
original scale, of the tidal curve traced by this machine 
for the nineteen days commencing midnight August i, 
and ending midnight, August 20, 1881, for Beypore in 
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India. For the original from which it is reduced we are 
indebted to Mr. E, Roberts, of the Nautical Almanack 
Office, who has charge of the machine and its working. 

This method of combining a number of s.h. motions 
appears to have been first invented by the Rev. F. 
Bashforth, who printed and circulated a lithographed de- 
scription of it in 1845, fron^ which Fig. 30, in § 84, is 
taken. An abstract of Mr. Bashforth's paper will be 
found in the ' British Association Report ' for that year 
(Transactions of Sections, pp. 3, 4). It was reinvented 
by Mr. W. H, L. Russell (see * Philosophical Magazine,' 
1870), and afterwards by Mr. Beauchamp Tower, who 
suggested it to Sir W. Thomson when in search of 
some convenient method for combining such motions 
with a view to the graphical prediction of tides. 



CHAPTER VIII. 

PROPAGATION OF SONOROUS UNDULATIONS. 

97. The propagation of sound depends upon the 
elasticity of the medium through which the sonorous un- 
dulations are propagated. For example, when a tuning- 
fork vibrates in air, it gives the air a series of pushes, each 
of which produces a momentary increase of pressure and 
density in front of the advancing prongs, while a momen- 
tary decrease of density and pressure is produced behind 
them. As the prongs advance, first in one direction and 
then in the opposite, a series of compressions and exten- 
sions are produced in alternate succession. But each 
compressed portion tends to relieve itself by expanding 
into the neighbouring air, which is thus in its turn com- 
pressed, and the extended portions in like manner tend 
to communicate extension. Hence a series of compres- 
sions and extensions are propagated through the sur- 
rounding air, and these constitute an undulation, whose 
period is the same as that of the vibrations of the tuning' 
fork. The velocity of propagation is independent of th^ 
period, and depends only on the elasticity and density of 
the air, being (as we shall prove in Chapter X.) directly 
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as the square root of the coefficient of elasticity, and in- 
versely as the square root of the density. 

98. The coefficient of elasticity is to be understood in 
the following sense. Suppose a portion of air having the 
volume V to be slightly compressed so that its volume is 

reduced to v—z/, where - is a small fraction. Let p 

v 

denote the pressure per unit of area exerted by the air 

before and p+^ after compression ; then the quotient 

of / by - is called the coefficient of elasticity. 

99. The compression of air raises its temperature ; 
and hence, if air is suddenly compressed, and then 
allowed to regain its original temperature, without further 
change of' volume, its pressure immediately after com- 
pression is greater than that which it finally attains. But 
this final pressure is to its pressure before compression in 
the inverse ratio of the volumes, so that if this final 
pressure be ? + /, we have 

p + / _ V 
p V — V 

or 

f 1+^=1 — 2;=i + _ nearly, 

p -, V "^ 

V 

that is, we have 

p _ V 
p"? 

The quotient of / by - is therefore the same as the 
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quotient of/ by -, that is to say, it is p. The coefficient 

of elasticity at constant temperature is therefore equal to 
the pressure. 

In the compressions which accompany the propagation 
of sound through the air, the heat of compression has not 
time to escape, and hence the coefficient of elasticity, on 
which the velocity of sound depends, is not the coefficient 
for constant temperature, but is greater. Instead of 
being equal to p, it is about 1.41 p. 

If the medium be any gas at pressure p, the coefficient 
of elasticity will be (i + jS) p, where i + is not very 
different from 1.4 1. 

ICO. If we are careful to employ the same units con- 
sistently in our specification of all the quantities involved, 
the formula for the velocity of propagation of sonorous 
waves in air, in other words the velocity of sound, will 
be 

V denoting this velocity (not volume as in the preceding 
section), and d denoting the density of the air. 

loi. Changes of barometric pressure do not afifect^the 
velocity of sound, for when the barometer rises p and d 
increase in the same ratio. But temperature does affect 
the velocity, for rise of temperature increases p if d is 
constant, or diminishes d if p is constant. Hence sound 
travels fastest when the air is warmest Its velocity at 
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the mean temperature of this country is about i, loofeet 
per second. 

102. When sound is propagated in open spaces, the 
sound-waves are of spherical form and become larger as 
they advance further from the source. Hence, as the 
amount of energy contained in them cannot increase, the 
same amount of energy is spread over a continually 
larger volume, and the intensity of the sound diminishes 
rapidly as the distance increases. 

When it is propagated through a speaking-tube, or 
other tube of uniform bore, there is a little communication 
of sonorous energy to the* sides, but unless the tube is 
very long this portion is small, and the greater part of the 
energy is transmitted through the enclosed column of air. 
As the waves in this case do not increase in area, there 
is but little diminution of intensity. The velocity is the 
same through tubes as in the open air. 

103. Sound is propagated through liquids in the same 
manner as through gases, and in most cases with greater 
velocity ; for instance, the velocity in water is more than 
four times as great as in air. In both liquids and gases 
the propagation depends only on compression and expan- 
sion of volume, and the vibrations are longitudinal, that 
is, parallel to the direction in which the sound is propa- 
gated. But solids oppose resistance to change of shape 
as well as to change of size, and can transmit other kinds 
of vibrations besides those of longitudinal compression 
and extension, each kind having in general a different 
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velocity. Moreover, solids of a fibrous, laminated, or 
crystalline structure, have usually different velocities of 
propagation in different .directions. 

104. Elastic strings and wires afford examples of the 
propagation of transverse vibrations. If a long india- 
rubber cord fastened at the ends receives a smart lateral 
blow close to one end, a pulse is seen to run along it. If 
the point where the blow is delivered is remote from the 
ends, two pulses will be seen to start from this point and 
run along the cord in opposite directions. The ordinary 




Fig. 41. 

vibration of a musical string niiay be regarded as stationary 
undulation, and can be resolved into two sets of equal 
waves travelling in opposite directions. Thus, let the 
continuous curve in Fig. 41 represent a string at rest in 
a position of maximum displacement, in one plane, and 
let the dotted line be drawn midway between the string 
and the straight line ab, so that its ordinates are the 
halves of the corresponding ordinates of the string. 
Continue the dotted curve to c, making b c equal to a b, 
and making the continuation a reversed copy (reversed 
both up and down, and left and right) of the portion 
between a and b. Then the whole dotted line a b c 
represents one complete wave of either of the two 
component undulations which, by travelling with equal 
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velocities in opposite directions, would give, between the 
points A and b, the actual motion of the string. At these 
two points a positive ordinate of one component will 
always be compounded with an equal negative ordinate 
of the other, thus producing rest The two component 
undulations travel with a velocity v, which, when con- 
sistent units are employed, is given by the formula 






F 



where f denotes the force with which the string is 
stretched, and m the mass of unit length of the string. 
Since the wave-length a c is twice the length of the 
string, the period T is given by the equation 



2/ 

T = — . 
V 



CHAPTER IX. 

REFLECTION OF SONOROUS UNDULATIONS. 

105. We have seen, in § 60. that two similar sys- 
tems of simple waves travelling in opposite directions 
along the same column of air produce at certain sec- 
tions of the column, called nodes, a mutual destruction 
of velocity combined with a double variation of density. 
A rigid diaphragm stretched across one of these sections 
would have no effect on the movements, for the particles 
of air at this section are permanently at rest whether the 
diaphragm be present or absent. 

Conversely, a rigid diaphragm or stopper at one end 
of a pipe produces reflection of waves travelling along 
the pipe, and the reflected waves may be regarded as 
part of an imaginary system coming from the other side 
of the stopper, having such a relation to the incident 
system as jointiy to produce a node at the surface of the 
stopper. The reflected waves must therefore be exact 
copies of the incident waves with velocities reversed. 

106. Again, we have seen in § 61 that two such 
systems of opposite waves produce at certain other 
sections called antinodes a mutual destruction of effect as 
regards disturbance of density, combined with a double 

H 
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velocity. The pressure at an antinode is the same as 
that of the undisturbed air ; hence, if a hole be made in 
the side of the pipe at an antinode, there will be no 
tendency for air to pass through the hole either way, and 
the state of things within the pipe will remain unaffected. 
If the pipe be cut across at an antinode, and one of the 
two portions removed, the vibrations in the remaining 
portion will go on as before. 

Conversely, when waves travelling along a pipe arrive 
at an open end, a state of things is produced in the pipe 
which is the same as if a system of waves were entering 
the pipe at this end, and producing jointly with the 
incident waves an antinode at the open end; The 
reflected waves must therefore in this case be copies 
of the incident waves with disturbance of density re- 
versed. A pulse of compression will yield a reflected 
pulse of rarefaction, and a pulse of rarefaction will yield a 
reflected pulse of compression. 

107. Echo is a familiar example of the reflection of 
sonorous undulations. 

We may mention, as illustrating both kinds of reflec- 
tion, that there is a well at Kentish Town, belonging to 
the New River Company, where an eight-inch iron pipe 
descends from a little above the ground to some hundreds 
of fe^t, and the water stands in it at a depth of rather 
more than 200 feet from the top. Words spoken into 
the mouth of this tube are very distinctly echoed from 
the surface of the water, and if spoken loudly they are 
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echoed more than once. A word loudly shouted is 
repeated about seven times, becoming gradually feebler 
with each repetition. The explanation is that the 
sonorous waves are reflected backwards and forwards, 
between the surface of the water below and the open 
end of the tube above. To produce one echo, they must 
travel once down the tube and up again ; to produce two 
echoes they must travel over twice this distance, and so on. 

When the reflected waves reach the open end of the 
tube they are reflected down, and then again reflected up 
from the surface of the water. 

108. Resonance is another example of the reflection 
of sonorous undulations. 

When a vibrating tuning-fork is held at the mouth of 
a tube of proper length, the sound is greatly intensified 
by the resonance of the tube. If the tube is open at the 
far end, this effect will be obtained when its length is 
about half the wave-length of the note of the fork ; for 
every pulse originated by the fork is reflected from the 
far end with reversal of condensations and extensions 
(which we shall call, for shortness, reversal of form), and 
after travelling back to the near end is again reflected 
with a second reversal, which restores it to its original 
form. If the time occupied in this process (that is, the 
time of travelling over twice the length of the tube) is 
equal to the period of vibration of the fork, the next 
pulse from the fork will exactly concur with the reflected 
pulse, and their amplitudes will be added. As each 
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original pulse gives rise to a long series of reflections, a 
great number of amplitudes will be added together, if the 
length of the tube is such as to make the coincidence of 
period exact 

If the tube is closed at the far end, the pulses will 
have to travel four times over its length in order to be 
restored by two reversals to their original form. The 
tube will therefore respond if its length is one-fourth of 
the wave-length of the note emitted by the fork. 

These are the shortest lengths that will suffice in the 
two cases. Resonance will also be obtained when the 
open tube is any multiple and the stopped tube any odd 
multiple of the shortest length, as will appear on tracing 
the successive reflections in each case. 

109. Reflection such as we have here described takes 
place in organ pipes and wind instruments generally. 
From each end a reflected undulation is continually flow- 
ing through the pipe, and the combination of these two 
undulations travelling in opposite directions produces a 
stationary undulation, according to the principles of 
Chapter V. If the pipe is ' stopped,' there is a node at 
the stopped end ; if it is open, there is an antinode at 
the open end ; and in both cases there is an antinode at 
the end where the wind enters, which is always to a 
certain extent open. 

The notes to which a pipe can respond are the same 
as those which it is fitted to yield. The lowest of these 
(which is the note that it is always made to yield in the 
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organ) is called itsyfr^/ or fundamental tone, The"o!hCT5^'^ 
are called its overtones. Their respective wave-lengths 
are most easily deduced from the following considera- 
tions. 

1. At an open end there must always be an antinode, 
and at a stopped end a node. 

2. The distance between a node and the nearest 
antinode is a quarter of a wave-length, and the distance 
between two consecutive nodes or two consecutive anti- 
nodes is therefore half a wave-length. 

I lo. From these principles it follows that an open 
pipe must contain an even number, and a stopped pipe 
an odd number of quarter waves, so that if / denote the 
length of a pipe, and X the wave-length of one of its tones, 
we have, for an open pipe, 

/= — , or ^~, or — , &c., 
4 4 4 

and for a stopped pipe 

/ X 3 X 5 X o 
/= ~, or ^^- , or ^— , &c. 

4 4 4 

From these values it is easy to show that the values of 
X are proportional to i, 4» i> &^' ^^^ ^" op^" pipe, and 
to I, J. \y &c. for a stopped pipe ; whence it follows that 
the number of vibrations per second is proportional to i, 
2, 3, &c. for an open pipe, and to i, 3, 5, &c. for a 
stopped pipe. 

III. These statements would be exact if the air in the 
pipe vibrated in parallel plane layers, so that the motion 
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of all particles in the same cross section was the same, and 
was parallel to the length of the pipe. The actual wave- 
lengths are rather greater, and the actual numbers of 
vibrations consequently rather less than the above cal- 
culations would make them. The pitch of the overtones 
is more affected by this correction than the pitch of the 
fundamental ; so that, for example, the second tone of an 
open organ-pipe (especially if the pipe is wide in propor- 
tion to its length) has not qxiite double the number of 
vibrations of the first. 

112. The overtones of a musical string follow the 
same laws as those of an open organ-pipe. 

When a pulse, consisting of a protuberance on one 
side of a string, runs along it, the particles of the string 
are drawn to this side as the protuberance reaches them, 
and return to their original position as it leaves them and 
passes on. On its arrival at one of the fixed ends of the 
string, it is unable to draw the fixed support to one side, 
and the additional resistance produces a rebound, throw- 
ing the protuberance over to the other side, and starting 
a reversed pulse, which travels along the string from this 
end to the other, where it is again reflected and reversed, 
l^he two portions of Fig. 42 will explain what is here 
meant. One of them (it is immaterial which) shows the 
original, and the other the reflected pulse. Wherever 
we suppose the pulse to be at a given moment, it will 
have travelled over twice the length of the string before 
it comes back to its original position and circumstances. 
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If we call the ends a and b, the pulse first travels from its 
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original position to b, thence in reversed form to a, and 
thence in its original form to its original position. 

The stationary vibration of a string may be regarded 
(see § 104) as the resultant of two equal undulations 
travelling in opposite directions, their common wave- 
lengtli being such as to give a node at each end of the 
string. The length of the string is therefore half a wave- 
length, or a multiple of half a wave-length. If /denote 
the length of the string (between the fixed supports), and 
X the wave-length of the undulations which are propa- 
gated along it, we have 



/ = 



mX 



m being any integer. 

\{ V denote the velocity of propagation along the 
string, the number of vibrations per second will be 



V vfn 

I' ""' 77' 



the successive values of which are 



V 

TV 



2V 

TV 



^4 &c. 

2/ 



The undulations produced in the air by the action of 
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the string will have the same periodic time (and therefore 
the same number of vibrations per second) as the string 
itself, but will have a different wave-length unless the 
velocity of propagation v along the string happens to be 
equal to the velocity of sound in air. 

113. In giving its first or fundamental tone, the string 
passes backwards and forwards between the two positions 
shown by the continuous and dotted lines in Fig. 43. 

In giving its second tone, its two extreme positions 
are those indicated by the continuous and the dotted line 
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Fig. 45- 

in Fig. 44. There is here a node in the centre besides 
the two fixed points at the ends. 

In like manner, for its third tone, it divides into three 
equal parts separated by two nodes as in Fig. 45 ; and 
higher tones are in like manner obtained by carrying the 
division further. 

If the string is forcibly started in any one of these 
modes of vibration and then left to itself, it will continue 
to vibrate in the same manner, the nodes remaining at 
the same places, but the amplitudes gradually becoming 
smaller. Hence these are called modes of free vibration 
of a string. A mode of free vibration for any body is a 
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mode of vibration which the body can maintain of itself 
when once started, 

, Modes of vibration resembling those here described 
can be started in a string by lightly touching it at one of 
the points where a node is required, while a fiddle-bow is 
drawn across it at a place where a node is not required. 
As many as eight or twelve successive tones can thus be 
elicited from an ordinary fiddle-string or piece of pianoforte 
wire of suitable length. A piece of wire stretched upon a 
sounding-box is sold, under the name of a sonometer or 
monochordy by makers of acoustic apparatus. 

114. All stringed instruments have a sounding- box 
or board, for the purpose of communicating the vibrations 
of the strings to the surrounding air. A string stretched 
between two massive and firmly fixed blocks would give 
but a very faint sound ; for the very small surface of the 
string itself is too small to enable it to produce powerful 
undulations in the air. In the violin and piano the string 
or wire is stretched over a bridge supported by a board 
(called in the piano the sounding-board) ; and it is the 
vibration of this board, with its large surface, that has the 
principal share in communicating disturbance to the air. 
In the violin the belly, on which the bridge rests, trans- 
mits its vibrations to the back with the help of the 
sound-posty and thus both the belly and the back act 
as sounding-boards. The agitation of the strings by the 
bow rocks the bridge from side to side, throwing pressure 
on its two feet alternately, and causing the two sounding- 
boards to vibrate normally. 
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CHAPTER X. 

DYNAMICAL INVESTIGATION. 

115. We shall now show that the elastic force of a 
stretched string is competent to produce such motion as 
we have been describing. 

This motion is specified by the equation 

y^K cos cos , (18) 

which is obviously the same as equation (15) of § 62, 
the amplitude of the stationary vibration at the points of 
maximum amplitude being now denoted by a instead of 
by 2a, 

The velocity -^ and the acceleration ^ of the par- 

dt dr ^ 

tide X are, 

dy 27r 2Trx . 27r/ 
-^ = A cos sm , 

dt T X T 

d'^y f27r\^ 2Trx 2Tr t 

-f^ = — ( 1 A COS cos 

dt^ \ T^ X T 

= -(?)V; 

and our present business is to show that the forces of 
elasticity will produce this acceleration, if the tension f of 
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the string, and its mass per unit length m^ satisfy the con- 
dition 



Vi = ? ('9) 



m 

the inclination d of the string to the axis of x being sup- 
posed to be everywhere so small that its square is 
negligible. 

Since cos disi— ^fl^ + higher terms, and sin fl is d— ^ d^ 
+ higher terms, we may write cos 6= i, sin fi=fl, and tan 6 

_ sin 6 _ g 
cos 6 

The component tension parallel to the axis of :r at 

any point is f cos flr=F, and the component tension parallel 

to the axis oi y is f sin 6 = f tan fl = f -;^ ; since in any 

CLX 

plane curve -^ expresses the tangent of the inclination of 

the curve to the axis of ;r. 

The tension f being supposed the same at all points, 
the component parallel to the axis of x will therefore be 
the same, and in computing the resultant force acting on 
an element dx of the string, we may leave the components 
in this direction out of account The component normal 
to the axis of ;i: at the point x of the string is 

dy 27r • 27r:r 27r / 

f -f-= — F — A sm cos , 

dx X X T 

and the corresponding component at the point x-\-dx is 
greater than this by the amount 
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— F — A — COS COS ax 

XX X T 



= — F ( — 1 A cos COS ax 

V X/ X T 



This is the resultant force upon the element dxy and 
the acceleration will be found by dividing by the mass 
m dx. The acceleration will therefore be 

F /XN 

Substituting for — its valuef-1 , this expression becomes 

— J y, which was to be proved. 

1 1 6. Very similar reasoning applies to the stationary 
undulation of a cylindrical column of air. Let the motion 
of the particles of air be specified by the equation 

27r X 217 t^ , Qv 

^ = Acos. cos , (i8) 

y denoting the longitudinal displacement of the particle 
whose undisturbed position was^, so that;tr+^ is its actual 

position at time /. Then -^, and -^ will still denote re- 
spectively the velocity and acceleration of the particle, 

J 2 

and we have to show that the value of -7^, as deduced 

- - - dr 

from equation (18), namely 

rfV /2^V 
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is precisely the acceleration due to the elastic force of the 
air, if the coefficient of elasticity e (see § 98) and the 
density d fulfil the relation 



/e, X 

V 5 = T' 



the compressions and extensions of the air, as measured 
by the ratio - of § 98, or by -^ in our present notation 

(see § 51), being everjnvhere so small that their squares 
are negligible. 

Let p be the undisturbed pressure. Then the actual 
pressure at time /, at the particle whose undisturbed co- 
ordinate was Xy is 



that is 



P-E^, 

dx 



P + E A Sin COS 



X X T 

At the particle whose undisturbed co-ordinate was 
x-\-dXy the pressure is given by this expression, together 
with the additional term 

,2 



E I ) A COS COS axy 

VX / X T 



or 



E (^) y dx. 

A layer of air of original thickness dx^ of unit area and 
of original density d, is therefore subjected on its two faces 
to two opposite forces whose resultant is a backward force 
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or a forward force 

and dividing by the mass of the layer, which is d dx, we 
find for the acceleration the value 

which, when we replace- by its value (— J , becomes 

as was to be proved. 

1 1 7. In general, for the propagation of any disturbance 
along a cylindrical column of air, we have 

p-e|: 

ax 

as the expression for the pressure of the particle of air 
whose undisturbed ordinate was x. The expression for 
the pressure at the particle whose undisturbed ordinate 
was x-\'dx is 



-^^S"^)- 



Hence the pressure in front of a layer of original thick- 
ness dx exceeds the pressure behind it by 
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or the pressure behind exceeds ithe pressure in front by 

As the mass of the layer per unit area is d dx, the accelera- 
tion is 

But the acceleration is denoted by -^. Hence we must 

have 

d^y . E d^y , x 

1 18. This condition is satisfied by the equation 
y^ a cos — {x--vi)y 

A 

and also by the equation 

^=^ cos —{X'\-Vt)y 

provided that in both cases 

for either of these equations gives 

whence 

dF d^' 
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Similar reasoning will apply to the propagation of 
transverse waves along a string. 

It thus appears that the undulations which we have 
been discussing in the previous chapters from a merely 
kinematical point of view, are dynamically possible as 
consequences of the laws of elasticity. 



CHAPTER XL 

ENERGY OF VIBRATIONS. 

119. An ordinary pendulum affords a very good 
example of the transformation of energy. When we 
draw it aside from its lowest position we do work against 
gravity, the amount of this work being equal to the 
weight of the pendulum multiplied by the height of the 
new position of its centre of gravity above its lowest 
position. If we now release the pendulum it falls back, 
and in the fall gravity does as much work upon it as was 
previously done against gravity. This amount of work 
may be called the energy of vibration of the pendulum, 
and it is continually undergoing transformation. In the 
two extreme positions it is all in the shape of ' potential 
energy,' or as it may be better called * statical energy/ 
because its amount is computed without any reference to 
the laws of motion. In the lowest position it is all in the 
form of 'kinetic energy' or energy of motion, the amount 
of which is measured by multiplying each element of the 
niass by half the square of its velocity and adding these 
products for the whole pendulum. In intermediate posi- 
tions the energy is partly in the one form and partly in 

I 
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the other. The statical enei^ in any position is com- 
puted by multiplying the weight of the pendulum by the 
height of its centre of gravity above the lowest position 
of the centre of gravity, and is continually diminishing as 
the pendulum descends, while the kinetic energy under- 
goes a corresponding increase. In the ascent a converse 
change takes place, and the total amount (computed by 
taking the sum of the two energies) is the same in all 
positions. 

1 20. Let the pendulum be a * simple pendulum/ con- 
sisting of a mass tn suspended by a string of length / 
without weight or mass, and let a be the angle which the 
string in the extreme positions makes with the verticaL 
Then the statical energy in the extreme positions is 

tng I vers a. 
The velocity which the mass m will acquire in descending 
through the vertical distance / vers a to its lowest position 
is given by the formula 

z^= 2g I vers a. 

Hence the value of ^m z^, or the energy of motion, in the 
lowest position, is 

^ nii^^m gl vers a, 

which is the same as the statical energy in the extreme 
positions. 

In any intermediate position, let 6 be the inclination of 
the string to the vertical. Then the statical energy is 

mgl vers 6, 
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and the kinetic energy is \ mi^, where 

v^^2 g I {vers a-^vers 6), 

giving ^ niT^—mgl {vers a — vers fl), 

which, added to the statical energy, gives for the total 

energy mglvers a, as before. 

121. When the angle a is small, the total energy is 

mglvers 0L=z2mgl^\v? -- =2mgl /"-V ==^ mgl a?, 

which is proportional to the square of the amplitude, 
/a being the amplitude. Also, the effective force on the 
mass m in any position — that Is, the component force along 
the tangent— is mg sin fl, which increases from zero in the 
lowest position to mg sin a in the extreme positions. 
The distance through which this effective force works 
during the movement from an extreme position to the 
lowest is /a, and if we multiply this by half the maximum 
force, that is, by ^ mg sin a, which is the same as ^ mg a, 
we obtain \ m gl o?, which is identical witl\ the ex- 
pression above obtained for the whole work done or 
whole energy. This rule always holds for vibrations in 
which the force called out follows Hooke's law, that is 
to say, the mean working force (which if multiplied by 
the whole displacement gives the work done) is just half 
the maximum force. This can be proved as follows. 

Let o (Fig. 46) be the position of equilibrium, a the 
extreme position, b and c two points equally distant from 
and A respectively. Then if fx. o a be the expression 
for the force at a, the forces at b and c will be jt*. o b 



I 2 
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and jtt. o c respectively. Let er denote the length of an 

element of the path at b, and of an equal element at c. 

Then the works done in moving through these elements 

are 

ft. o B. (T and fx. oc. t, 

the sum of which is 

JUL. (O B + O C) (T = jLt. O A. (T, 

which is the same as the sum that would have been 




Fig. 46. 

obtained if the working force had the constant value 
\ fx. o A ; for the work in each of the two elements would 
then have been ^ fx. oa. er. Since the line o a can be 
exhaustively divided into such pairs of elements, the 
whole work will be the same as if the working force had 
the constant value ^ ft. o a, and will therefore be \ [jl. 
o A^ which is proportional to the square of the amplitude 
o A. 

122. Using the notation of the integral calculus, 
denoting the amplitude by a and any smaller displace- 
ment by Xy the force in the position x is /ur, the work 
done in moving over the element dx is f/^xcfx, and the 
whole work is 

[JL X dx = ^ [Jl, a^. 

Jo 

1 23. The proof can also be exhibited graphically. Draw 



ttESTT/; 



'/' ?- 



L'F 



rji-j: 
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OA equal to the amplitude, and oa' making with o a 
an angle whose tangent is fi. Then the ordinate a a' 
represents the force at a, and the ordinate b b' the force 
at any other point B ; the strip b b' represents the work 
done in moving over the base of the strip at b, and the 
sum of all such strips is the triangle o a a', which is half 
the rectangle under o a and a a' ; hence the whole work 




Fig. 47. 

is half the work done by a force a a' working through a 
distance o A. 

124. When a string executes simple harmonic station- 
ary vibration in one plane, as described in § 64, the 
energy of its vibration is most easily computed by con- 
sidering the velocities of its different points at the 
moment when the string is straight, and when the energy 
is therefore entirely in the kinetic form. 

The velocity at the points (the origin being midway 
between two nodes) is (with the notation of § 64) 



dy 
(U 



27r 
T 



27r X . 
2 a cos — — T sui 



27r t 
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and at the moment under consideration sin has its 

maximum value, namely unity. 

2Tr x\^ 



Hence, v^ ^(^^^ cos — - j , 



and we want to find the mean value of this expression as 

X increases by equal steps from o to -, since the origin is 

4 

at an antinode, and -. is the distance from an antinode to 
4 

a node. As x increases by equal steps from o to -, the 

angle increases by equal steps from o to -, and we 

want the mean value of the square of its cosine, which is 
evidently the same as the mean value of the square of its 
sine, since the successive values of the cosine in the first 
quadrant are the same as those of the sine taken in back- 
ward order. We may therefore write 

Mean of (cosine)^ = mean of (sine)^ 
= \ mean of (cos ^ + sin ^) = \, 

since cos* + sin*=i. 

The mean value of v^ is therefore \ /"l^-^V and the 

mean value of ^ e/^ is ( ^ ^ \ The energy of vibration 
of the string is therefore equal to the mass of the string 
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multiplied by (— — \ , where it Is to be observed that 

2a denotes the amplitude of vibration at an antinode, 

125, The foregoing reasoning applies equally to 

longitudinal vibration, and shows that the energy of the 

sonorous vibration of the air within a cylindrical pipe, 

when executing stationary vibration parallel to the length 

of the pipe, is equal to the mass of this air multiplied by 

2 
{ — — j , where 2a still denotes the amplitude of vibration 

at an antinode. 

126. We shall now investigate the energy of each of 
the two equal travelling undulations into which stationary 
undulation can be resolved. 

If we employ the expression for one of these undu- 
lations (equation (10), § 49) 

2T (v t—X) 

y=^ COS ^^ 'y 

we have, for the velocity, 

dy 27rva * 27r Ivt—x) 

^ = — sin ^^ '. 

dt 'K X . 



The mean value of the square of this velocity is { — — j 



multiplied by the mean value of sin'^ S, where 6 denotes 
^^^^ — —I, and we may either make t constant, and thus 

take the mean at a given moment along a wave-length, or 
make x constant, and take the mean at a given point for 
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the period of one vibration. In either case we shall have 
to take the mean value of sin' fl for an entire circle, which 
is the same as its mean value for the first quadrant, and 
is 4. as shown in § 124. The mean value of (velocity)* 
is therefore 



i(^0'. 



and the kinetic energy is the mass multiplied by the half 
of this, that is 



mass 



^ (V")- 



The amount of the statical energy can be deduced from 
the fact that the wave now under consideration has half 
the amplitude of the stationary wave. The energy of the 
stationary wave of amplitude 2a is entirely statical at the 
moment of extreme displacement, and is, as we have seen, 



mass 



^ (^") • 



Hence the statical energy of the travelling wave of am- 
plitude a is 



mass X ^_J , 



and is equal to Its kinetic energy. The total energy of 
the travelling wave is 

mass X 2 I — J , 

and is half the energy of the stationary wave, as we 
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should have expected from the circumstance that the 
stationary wave is resolvable into two travelling waves. 

127. The travelling waves which combine to form 
stationary waves are in opposite directions. When two 
systems of waves travelling in the same direction, of ap- 
proximately the same wave length (both longitudinal, or 
both in the same plane if transverse), are compounded, 
we have, by § 33, at any instant, 

^=a' + ^+2^^cosd, 

c denoting the resultant amplitude of any particle, a and 6 
the amplitudes of the two components, and 9 their differ- 
ence of phase at the instant considered. Hence, as 
shown in § 35, the mean value of c^ is t^ -\' 6^, whence 
it can be shown that the energy of the resultant system is 
the sum of the energies of the two components. U a 
and 6 are equal, the values of ^ will range between zero 
and 4^^, so that the smallest resultant waves will have no 
energy (being in fact evanescent), and the largest will 
have four times the energy of a wave of either compo- 
nent. 

128. When waves of sound spread out uniformly in 
all directions from a centre, they form spheres which are 
continually enlarging. As each wave carries with it its 
original amount of energy unchanged, the same amount 
of vibratory energy is propagated across all the imaginary 
spherical boundaries which can be described about the 
centre. But the surfaces of these spheres are propor- 
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tional to the squares of- their radii, and hence the amounts; 
of energy propagated across equal areas of two of the 
spheres are inversely as the squares of their radii. The 
intensity of sonorous vibration at a point, being measured 
by the quantity of energy which crosses unit area around 
the point in unit time, is therefore inversely proportional 
to the square of the distance of the point from the source, 
the source being supposed small in comparison with the 
distance. The amplitude of the sonorous vibrations will 
be inversely as the distance, since the energy of simple 
harmonic vibration is as the square of the amplitude. 

1 29. When two sounds are alike, both in pitch and 
quality, their loudness is naturally measured by the 
energy of the sonorous vibrations which they excite. If 
they differ in pitch but agree in quality, and both lie 
within the usual compass of music, the sensation excited 
by the sound of higher pitch will in general be the more 
intense, if the energies are equal. This is proved by the 
fact that the bass pipes of an organ require a great deal 
more wind, and therefore more work in blowing, than the 
treble pipes. 

Again, sounds of piercing quality strike the ear more 
powerfully than sounds of smooth quality containing the 
same amount of energy. A piercing quality is usually- 
due to the presence of high harmonics. 



CHAPTER XIL 

SIMPLE AND COMPOUND TONES. 

130, It was discovered by Ohm that a siiriple 
harmonic vibratory motion produces the sensation of a 
simple tone, and that when several simple tones are 
heard together each of them is due to its own simple 
harmonic component, which is present in the resultant 
sonorous vibration. Those musical tones which .we call 
rich are not simple. The sound produced by striking 
one of the keys of a pianoforte is usually composed of 
some four or five simple tones, due to the co-existence in 
the wire of so many different modes of simple harmonic 
vibration. The tones of a violin are still more highly 
compound. We have pointed out in § 112 that the 
periods of the several modes of simple harmonic vibration 
of a string are proportional to 1, 4, J, ^, &c., or, what 
amounts to the same thing, that the numbers of vibra- 
tions made in a given time are proportional to the series 
of natural numbers, i, 2, 3, 4, &c. When the partial 
tones which togetheF compose a compound tone have this 
relation to one another, the deepest of them — that which 
corresponds to the number i — is called x\\^ fundamental^ 
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and the others are called harmonics of the fundamental. 
These terms are applied both to the partial tones them- 
selves and to the simple harmonic component vibrations 
to which they are due. It was proved mathematically 
by Fourier that every periodic vibration — ^that is, every 
vibratory motion which exactly repeats itself in a definite 
period — can be resolved into a fundamental simple 
harmonic vibration and its harmonics. Over against this 
mathematical fact we may set the acoustic fact that every 
musical tone of definite pitch is composed of a simple 
tone ^ of this pitch and its harmonics. The connection 
between these two facts is explained by Ohm's principle 
above mentioned. 

131. The human ear is not by any means the only 
instrument that picks out the simple harmonic consti*- 
tuents from a compound vibratory nlotion. Strings 
mounted on a sounding-board, as in the pianoforte, will 
do the same thing. When the pedal is depressed, so as 
to remove the dampers from the wires, if a compound 
tone is sung or otherwise sounded in its neighbourhood, 
those strings which correspond to the partial tones 
present in the sound will be thrown into vibration, and 
thus the piano will echo back a compound sound very 
similar in its constitution to the original. To ascertain 
whether a given tone is present in the original sound; 
the pedal should not be depressed, but the key corre- 
sponding to this particular tone should be held down. In 
general, any body which can vibrate freely in one definite 
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period will be set in vibration if acted on by a periodic 
movement which, when analysed jnto simple harmonic 
constituents, contains one whose period agrees with that 
of the body in question. 

132. Helmholtzs resonators, one of which is repre- 
sented in Fig. 48, are intended to assist the ear in detect- 
ing the presence or absence of a 
given elementary tone in a compound 
sound. They are hollow globes of 
brass, with two openings ; the smaller 
one is to be applied to the observer s 
ear, while the larger one is directed 
towards the source of sound. Each 
resonator corresponds to one definite 
simple tone, whose period is the same 
as the natural period of vibration of the body of air en- 
closed within, the globe; and when this tone is present 
the resonance of the endorsed air produces. a great in- 
crease in its intensity, so that the observer hears the 
resonator speak into his ear. These resonators are 
usually supplied in a series of ten, corresponding to the 
bass C of a man's voice and its first nine harmonics. 
When the bass C is sung, all or nearly all the resonators 
are observed to respond, thus proving the composite 
character of the tones of the human voice. 

133. The same principles are illustrated, synthetically 
instead, of analytically, in the * mixture ' stop of organs. 
When this stop is employed in conjunction with thos^ 
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called * principal ' and * diapason/ the pipes which are 
brought into use are so combined that on putting down 
any key the corresponding note and a series of its 
harmonics are all sounded at once, each by a separate 
pipe. The effect, as judged by an ordinary ear, is that of 
a single rich note of the pitch of the fundamental. 



CHAPTER XIII. 

MUSICAL INTERVALS, 

134. What is called in music the pitch of a note 
depends upon the period of vibration, or upon the number 
of vibrations in a given time. A note of high pitch is a 
note of short period, or of a large number of vibrations 
per second. 

In comparing two notes, the interval between them 
depends only on the ratio of the two periods, or (the 
reciprocal of this) the ratio of the numbers of vibrations 
made in a given time. When the ratio is that of i : 2 
the interval is called an octave ; when it is 2:3 the 
interval is called a fifth ; when it is 3 : 4 it is called a 
fourth ; when it is 4 : 5 it is called a thirdy and so on. 
The origin of these names is due to the fact that, in the 
notes of the ordinary major scale, the numbers of vibra- 
tions are proportional to the following numbers : 

Dq Re Mi Fa Sol La Si Do 

24 27 30 32 36 40 45 48, 

or, dividing by 24, to 

I I i ^ I 4 ¥ 2. 
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The interval f is called a second, | a />4/r^, f a fourth, 
and so on. 

135. If we examine the intervals between the suc- 
cessive notes of the above scale, we find them to be as 
follows : — 

9 10 16 9 10 9 16 

1^ JF TBT ¥ ^ ¥ TT- 

The pitch of the note Do, which is called the key-note, 
may be anything we please, and in vocal music it is 
possible to conform exactly to the above scale, whatever 
the pitch may be. But the majority of musical instru- 
ments are limited to a definite number of notes (12 for 
each octave, or 13 if we include both the initial and 
terminal note), and to accommodate music to their 
requirements a compromise is made, which is called tem- 
perament. There are various systems of temperament ; 
but the one which is now most generally approved is 
that which is called the system of equal temperament , 
because it is equally inexact for all key-notes. In this 
system the intervals represented by f and y in the 
above scale are replaced by the sixth root of 2, and 
the intervals ^ bythe twelfth root of 2, so that twelve of 
these last intervals or six of the former would make an 
octave. 

If we employ the logarithms of the numbers of vibra- 
tions instead of the numbers themselves, we shall be able 
to get a better idea of the relative magnitudes of; the 
intervals, for equal differences between the logarithms will 



MUSICAL INTERVALS. 129 

correspond to equal ratios between the numbers, and 
therefore to equal intervals between the notes. 

The logarithm of f is '05 1 nearly. 
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136. We are now in a position to give the musical 
values of the harmonics of a note. Let the fundamental 
be called Doi, its octave D02, its double octave D03, and 
so on, then the following table exhibits the values of the 
successive harmonics up to tliat which has ten times the 
number of vibrations of the fundamental. 



Number of vibrations. 


Musical values. 


I 


Doi 


2 


Dos 


3 . 


Solj 


4 


Do, 


5 


Mia • 


6 


S0I3 


• 7 ' 


not exact 


8 


Do, 


9 


Re, 


10 


Mi, 



137. As regards absolute pitch, the middle C of a 
pianoforte, which is at the top of a bass voice, and at the 
bottom of a treble voice, has 256 vibrations per second 

K 
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according to what is called the theoretical pitch, which is 
the pitch adopted by the best makers of acoustic ap- 
paratus. The pitch usually adopted by musicians in this 
country is rather higher — from 264 to 270 vibrations 
per second for the middle C. In the ' theoretical pitch/ 
the number of vibrations for any octave of C is a power 
of 2 ; for example, 256 is the eighth power of 2. 

138. Some combinations of sounds produce a pleas- 
ing sensation and are called concords ; others produce an. 
unpleasant sensation and are called discords ; while others 
again are intermediate in quality. 

If we take two organ pipes whose pitches we can 
adjust, we find that if we tune them first to*unison, and 
then gradually increase the difference between them to a 
semitone, they begin to * beat * as soon as they cease to 
be in unison, and the rapidity of the beats increases with 
the interval, until it produces a rattling or jarring sound 
which is ver)^ unpleasant. If one makes 256 and the 
other 240 vibrations in a second, the number of beats 
in a second will be. 16, being the difference of these 
numbers. 

If, instead of the pipes being initially in unison, one 
is the octave of the other, we shall still hear beats when 
we put them out of tune, though not so loud as in the 
former case. If one of them makes 250 and the other 
512 vibrations per second, the number of beats per 
second will be 12, being the difference between 512 and 
the double of 250. If we listen attentively, aiding the 
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ear, if necessary, with two resonators, one responding to 
the lower and the other to the upper note^ we shall find 
that the lower note keeps. steady, and that it is the upper 
riiote only that beats. In fact, the note emitted by the 
lower pipe .is not a simple tone, but contains harmonics, 
^he loudest of which has 500 vibrations per. second, and 
this harmonic beatsi with the fundamental tone of the 
.upper pipe. All beats arise, as in these two, instances, 
from two simple tones in approximate unison. The ear 
is believed to contain some thousands of vibrating fibres, 
each having its own natural period of vibration and being 
thrown into vibration by simple tones whose period 
agrees or nearly agrees with this. The greater the 
departure from exact agreement the feebler will be the 
effect Thus every simple tone that reaches the ear 
excites a select group of fibres, the middle members of 
the group (as regards their natural period) being excited 
strongly, and the extreme members very feebly. When 
two simple tones nearly in unison reach the ear together, 
the two groups of fibres which are excited will overlap, 
that is to say, some fibres will be common to both, and 
the vibrations of these fibres, being the resultant of two 
simple harmonic motions of nearly equal period, will vary 
in amplitude from the sum to the difference of the 
amplitudes of the two components. These fibres there- 
fore beat, and thus it is that we hear beats. 

Discord, according to Helmholtz, whose theory is 

now generally accepted by writers on acoustics, is always 

K 2 
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due to beats, and the harshness of a given combination 
dejpends partly upon the strength of the beats and partly 
upon their rapidity. Very slow beats are not unpleasant, 
and very rapid beats may be so rapid as to escape 
observation in virtue of the persistence of impressions. 
The rapidity which produces a maximum of unpleasant- 
ness depends partly on the pitch, being greater as the 
pitch is liigher, and may be roughly stated as being from 
■^Xh to ^th of the rapidity of the vibrations themselves. 
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T. H. Grose, M. A. 4 vols. 8vo. 56^. 
Or separately, Essajrs, 2 vols. 2&r. 
Treatise 6n Human Nature, 2 vols. 2&f . 



MISCELLANEOUS & CRITICAL W^ORKS. 



Studies of Modern Mind 

and Character at Several European 
Epochs. By John Wilson. Svo. 12s, 

Selected Essays, chiefly 

from Contributions to the Edinburgh 
and Quarterly Reviews. By A. Hay- 
ward, Q.C. 2 vols, crown Svo. 12s. 

Short Studies on Great 

Subjects. By J. A. Froude, M.A. 
3 vols, crown ovo. i8j. 

Literary Studies, By the 

late Walter Bagehot, M.A. Second 
Edition. 2 vols. Svo. Portrait, 28^. 

Manual of English Lite- 
rature, Historical and Critical. By 

T. Arnold, M.A. Crown Svo. *]s. 6d. 

Poetry and Prose; Illus- 
trative Passages from English Authors 
from the Anglo-Saxon Period to the 
Present Time* Edited by T. Arnold, 
M.A. Crown Svo. 6s. 

The Wit and Wisdom of 

Benjamin Disraeli, Earl of Bea- 
consfield, collected from his Writings 
and Speeches. Crown Svo. 6^. 

The Wit and Wisdom of 

the Rev. Sydney Smith. Crown 
Svo. 3J. 6d. 

Lord Macaulay's Miscel- 
laneous Writings :— 

Library Edition, 2 vols. Svo. 21J. 
People's Edition, i vol. cr. Svo. 4^. 6d. 



Lord Macaulay's Miscel- 
laneous Writings and Speeches. 

Student's Edition. Crown Svo. 6s. 
Cabinet Edition, including Indian Penal 
Code, Lays of Ancient Rome, and 
other Poems. 4 vols, post Svo. 24J. ' 

Speeches of Lord 

Macanlay, corrected by Himself. 
Crown Svo. 31. 6d. 

Selections from the Wri- 

tmgs of Lord Macaulay. Edited, 
with Notes, by the Right Hon. G. O. 
TrevelyAn, M.P. Crown. Svo. 6s. 

Miscellaneous Works of 

Thomas Arnold, D.D. late Head 
Master of Rugby School. Svo. >js. 6d. 

Realities of Irish Life. 

By W. Steuart Trench. Crown 
Svo. 2j. 6d. Sunbeam .Edition, 6d. 

Evenings with the Skep- 
tics ; or, Free- Discussion on Free 
Thinkers. By John Owen, Rector of 
East Anstey, Devon. 2 vols. Svo. 32J. 

Outlines of Primitive Be- 
lief among* the Indo-European 
Races. By Charles JF. Keary, M. A. 
Svo. iSj. 

Selected Essays on Lan- 
guage, Mythology, and Religion. 

By F. Max Muller, K.M. 2 vols, 
crown Svo. ids. 

Lectures on the Science 

of Language. By F. Max Muller, 
K.M. 2 vols, crown Svo. 16s. 
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Chips from a German 

Workshop ; Essays on the Science of 
Religion, and on Mythology, Traditions 
& Customs. By F. Max Muller, 
K.M. 4 vols. 8vo. £i, i6s. 

Language & Languages. 

A Revised Edition of Chapters on Lan- 
guage and Families of Speech. By 
F. W. Farrar, D.D. F.R.S. Crown 
8vo. 6s. 

Grammar of Elocution. 

By John Millard, Elocution Master 
in the City of London School. Second 
Edition. Fop. 8vo. ^s. 6d, \ 



The Essays and Contri- 
butions of A. K. H. B. Uniform 
Cabinet Editions in crown 8vo. 

Autumn Holidays, ^s. td. 

Changed Aspects of Unchanged Truths, 

price 3J. 6d. 
Commonplace Philosopher, 3^. 6^. 
Counsel and Comfort, 3J. 6d. 
Critical Essays, 3J. dd. 
Graver Thoughts. Three Series, 3^. dd. each. 
Landscapes, Churches, and Moralities, oj. dd. 
Leisure Hours in Town, 3^. 6d. 
Lessons of Middle Age, 3^. dd. 
Our Little Life, 3J. dd. 
Present Day Thoughts, 3J, dd. 
Recreations of a Country Parson, Three 

Series, 31. dd, each. 
Seaside Musings, y. dd, 
Sunday Afternoons, 3J. dd. 



DICTIONARIES and OTHER BOOKS of 
REFERENCE. 



One- Volume Dictionary 

of the English Language. By R. 
G. Latham, M.A. M.D. Medium 
8vo. 14J. 

Larger Dictionary of 

the English Language. By R. G. 
Latham, M.A. M.D. Founded on 
Johnson's English Dictionary as edited 
by the Rev. H. J. Todd. 4vo1s. 4to. £^. 

English Synonymes. By 

E. J. Whately. Edited by R. 
Whately, D.D. Fcp. 8vo. y, 

Roget's Thesaurus of 

English Words and Phrases, classi- 
fied and arranged so as to facilitate the 
expression of Ideas, and assist in 
Literary Composition. Re-edited by 
the Author's Son, J, L. Roget. Crown 
Svo. icxr. td. 

Handbook of the English 

Language. By R. G. Latham, M.A. 
M.D. Crown Svo. 6j, 

Contanseau's Practical 

ictionary ol the French and English 
anguages. Post Svo. price 7x. 6d. 



Contanseau's Pocket 

Dictionary^ French and English, 

. abridged from the Practical Dictionary 

by the Author. Square i8mo. 3J. 6</. 

A Practical Dictionary 

of the German and English Lan- 
guages. By Rev. W. L. Blackley, 
M.A. & Dr. C. M. Friedlander. 
Post Svo. 7j. dd. 

A New Pocket Diction- 
ary of the German and English 
Languages. By F. W. Longman, 
Ball. Coll. Oxford. Square i8mo. 5^. 

Becker's Gallus ; Roman 

Scenes of the Time of Augustus. 
Translated by the Rev. F. Metcalfe, 
M.A. Post Svo. 7 J. dd. 

Becker's Charicles; 

Illustrations of the Private Life of 
the Ancient Greeks. Translated by 
the Rev. F. Metcalfe, M.A. Post 
8yo. 7j. 6d. 

A Dictionary of Roman 

and Greek Antiquities. With 2,000 
Woodcuts illustrative of the Arts and 
Life of the Greeks and Romans. By 
A, RiPH B A. Crown Svo. 7j. 6d. 
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A Greek-English Lexi- 
con, By H. G. LiDDELL, D.D. Dean 
of Christchurch, and R. Scott, D.D. 
Dean of Rochester. Crown 4to. 36X. 

Liddell & Scott's Lexi- 

con, Greek and English, abridged for 
Schools. Square I2mo. js, 6d, 

An English-Greek Lexi- 
con, containing all the Greek Words 
used by Writers of good authority. By 
C. D. YONGE, M. A. 4to. 2 1 J. School 
Abridgment, square i2mo. &f. 6d. 

A Latin-English Diction- 
ary. By John T. White, D.D. 
Oxon. and J. E. Riddle, M.A. Oxon. 
Sixth Edition, revised. Quarto 21s. 

White's Concise Latin- 

English Dictionary, for the use of 
Univereity Students. Royal 8vo. 12s, 



M *Culloch's Dictionary 

of Commerce and Commercial Navi- 
gation. Re-edited (1882), with a Sup- 
plement containing the most recent 
Information, by A. J. Wilson. With 
48 Maps, Charts, and Plans. Medium 
8vo. 63J. 

Keith Johnston's General 

Dictionary of Geography, Descriptive, 
Physical, Statistical, and Historical ; 
a complete Gazetteer of the World- 
Medium 8vo. 421. 

The Public Schools Atlas 

of Ancient Geogfraphy, in 28 entirely 
new Coloured Maps. Edited by the 
Rev. G. Butler, M.A. Imperial 8vo. 
or imperial 4to. yj. 6d. 

The Public Schools Atlas 

of Modem Geography, in 31 entirely 
new Coloured Maps. Edited by the 
Rev. G. Butler, M.A. Uniform, 5^. 



ASTRONOMY and METEOROLOGY. 



Outlines of Astronomy. 

By Sir J. F. W. Herschel, Bart. M.A. 
Latest Edition, with Plates and Dia- 
grams. Square crown 8vo. 12s, 

The Moon, and the Con- 
dition and Configurations of its Surface. 
By E. Neison, F.R.A.S. With 26 
Maps and 5 Plates. Medium 8vo. 
price 3 1 J. 6d. 

Air and Rain ; the Begin- 
nings of a Chemical Climatology. By 
R. A. Smith, F.R.S. 8vo. 24s, 

Celestial Objects for 

Common Telescopes. By the Rev. 
T. W. Webb, M.A. Fourth Edition, 
adapted to the Present State of Sidereal 
Science ; Map, Plate, Woodcuts. Crown 
8vo. gs. 

The Sun ; Ruler, Light, Fire, 

and Life of the Planetary System. By 
R. A. Proctor, B. A. With Plates & 
Woodcuts. Crown 8vo. 141, 



Proctor's Orbs Around 

Us ; a Series of Essays on the Moon & 
Planets, Meteors & Comets, the Sun & 
Coloured Pairs of Suns. With Chart 
and Diagrams. Crown 8vo. yj. 6d, 

Proctor's other Worlds 

than Ours ; The Plurality of Worlds 
Studied under the Light of Recent 
Scientific Researches. With 14 Illus- 
trations. Crown 8vo. lOir. 6d. 

Proctor on the Moon; 

her Motions, Aspects, Scenery, and 
Physical Condition. With Plates, 
Charts, Woodcuts, and Lunar Pho- 
tographs. Crown 8vo. ios,6d. 

Proctor's Universe of 

stars ; Presenting Researches into and 
New Views respecting the Constitution 
of the Heavens. Second Edition, with 
22 Charts and 22 Diagrams. 8vo. 
los, 6d, 
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Proctor's New Star Atlas, 

for the Library, the School, and the 
Observatory, in 12 Circular Maps (with 
2 Index Plates). Crown 8vo. \s. 

Proctor's Larger Star 

Atlas, for the Library, in Twelve 
Circular Maps, with Introduction and 
2 Index Plates. ' Folio, 15J. or Maps 
only, I2J. dd. 

Proctor's Essays on As- 
tronomy. A Series of Papers on Planets 
and Meteors, the Sun and Sun-surround- 
ing Space, Stars and Star Cloudlets. 
With 10 Plates and 24 Woodcuts. 8vo. 
price 125'. 



Proctor's Transits of 

Venus; a Popular ^.ccount of Past 
and . Coming Transits from the First 
Observed by Horrocks in 1639 to the 
Transit of 2012. Fourth Edition, 
including Suggestions respecting the 
approaching Transit in December 1882 ; 
with 20 Plates and 38 Woodcuts. 8vo. 
8j. dd. 



Proctor's Studies of 

Venus-Transits; an Investigation of 
the Circumstances of the Transits of 
Venus in 1874 and 1882. With 7 ' 
Diagrams and 10 Plates. 8vo. 5^. 



NATURAL HISTORY and PHYSICAL 
SCIENCE. 



Ganot's Elementary 

Treatise on Physics, for the use of 
Colleges and Schools. Translated by 
E. Atkinson, Ph.D. F.C.S. Tenth 
Edition. With 4 Coloured Plates and 
844 Woodcuts. Large crown 8 vo. 15^. 

Ganot's Natural Philo- 
sophy for General Readers and 
Young Persons. Translated by E. 
Atkinson, Ph.D. F.C.S. Fourth 
Edition ; with 2 Plates and 471 Wood- 
cuts. Crown 8vo. 7^. dd. 

Professor Helmholtz' 

Popular Lectures on Scientific Sub- 
jects. Translated and edited by Ed- 
mund Atkinson, Ph.D. F.C.S. With 
a Preface by Prof. Tyndall, F.R.S. 
and 68 Woodcuts. 2 vols, crown 8vo. 
15J. or separately, *js, 6d» each. 

Amott's Elements of Phy- 

^cs or Natural Philosophy. Seventh 
Edition, edited by A. Bain, LL.D. 
and A. S. Taylor, M.D. F.R.S. 
Crown 8vo. Woodcuts, 12s, 6d, 

The Correlation of Phy- 
sical Forces. By the Hon. Sir W. 
R. Grove, F.R.S. &c. Sixth Edition, 
revised and augmented. 8vo. i$s, 

A Treatise on Magnet- 
ism, General and Terrestrial. By H. 
Lloyd, D.D. D.C.L. 8vo. los, 6d. 



The Mathematical and 

other Tracts of the late James 
M*Cullagh, F.T.C.D. Prof, of Nat. 
Philos. in the Univ. of Dublin. Edited by 
the Rev. J. H. Jellett, B.D. and the 
Rev. S. Haughton, M.D. 8vo. 15J. 

Elementary Treatise on 

the Wave-Theory of Light By 
H. Lloyd, D.D. D.C.L. 8vo. los. 6d. 

Fragments of Science. 

By John Tyndall, F.R.S. Sixth 
Edition. 2 vols, crown 8vo. I dr. 

Heat a Mode of Motion. 

By John Tyndall, F.R.S. 
Sixth Edition. Crown 8vo. I2>. 

Sound. By John Tyndall^ 

F.R.S. Fourth Edition, including 
Recent Researches. \In the press. 

Essays on the Floating- 
Matter of the Air in relation to 
Putrefaction and Infection. By John 
Tyndall, F.R.S. With 24 Wood- 
cuts, Cro^vn 8vo. *js, 6d, 

Professor Tyndall's Lec- 
tures on Light, delivered in America 
in 187a and 1873. With Portrait, Plate 
& Diagrams. Crown 8vo. 7x. 6^. 



10 



WORKS fubiished by LONGMANS &* CO. 



Professor TyndalFs Les- 
sons in Electncity at the Royal 
Institution, 1875-6. With 58 Wood- 
cuts. Crown 8vo. 2s, 6d, 

ProfessorTyndairs Notes 

of a Coarse of Seven Lectures on 
Electrical Phenomena and Theo- 
ries, delivered at the Royal Institution, 
Crown 8vo. is, sewed, is, (yd, cloth, 

ProfessorTyndairs Notes 

of a Course of Nine Lectures on 
Light, delivered at the Royal Institu- 
tion. CrownSvo. IJ. swd., u. 6df. cloth. 

Six Lectures on Physi- 
cal Geography, delivered in 1876, 
with some Additions. By the Rev. 
Samuel Haughton, F.R.S. M.D. 
D.C.L. With 23 Diagrams. 8vo. l^s. 

An Introduction to the 

Systematic Zoology and Morpho- 
logy of Vertebrate Animals. By A. 
Macalister, M.D. With 28 Dia- 
grams. 8vo. lor. 6i/. 

Text-Books of Science, 

Mechanical and Physical, adapted for 
the use of Artisans and of Students in 
Public and Science Schools. Small 
8vo. with Woodcuts, &c. 

Abney's Photography, 3J. (id, 

Anderson's (Sir John) Strength of Materials, 

price 3J. 6^. 
Armstrong's Organic Chemistry, 3J. dd. 
Ball's Elements of Astronomy, 6j. 
Barry's Railway Appliances, 3J. (^d. 
Eauerman's Systematic Mineralojy, ts, 
Bloxam's Metals, 3J. dd, 
Goodeve's Mechanics. 3J. 6d. 
Gore's Electro- Metallurgy , (>s. 
Griffin's Algebra and Trigonometry, y, 6d. 
Jenkin's Electricity and Magnetism, 3J. 6d. 
Maxwell's Theory of Heat, 3^. 6d. 
Merrifield's Technical Arithmetic, 3J. 6d, 
Miller's Inorganic Chemistry, 3J. 6d. 
Preece & Sivewright's Telegraphy, 3J. 6d. 
Rutley's Study of Rocks, 4s. 6d. 
Shelley's Workshop Appliances, 3^. 6d. 
ThouuVs Structural and Physical Botany, 6s. 
'>\ .^ .0' <jiiantitative Analysis, 4-r. 6d. 
TiK-r. •• iV N A air's Qualitative Analysis, 3^.6^. 
Tildens C'i^emical Philosophy, 3^. 6d, 
Unwin's Machine Design, 6s. 
Watson's Plane and Solid Geometry, 3^. 6d, 



Experimental Physi- 
ology, its Benefits to Mankind; 

with an Address on Unveiling the 
Statue of William Harvey at Folkestone 
August 1881. By Richard Owen, 
F.R.S. &c. Crown 8vo. 5^. 

The Comparative Ana- 
tomy and Physiolog:y of the Verte- 
brate Animals. By Richard Owen, 
F.R.S. With 1,472 Woodcuts. 3 
vols. 8vo. £z, 13J. 6d. 

Homes without Hands; 

a Description of the Habitations of 
Animals, classed according to their 
Principle of Construction. By the Rev. 
J. G. Wood, M.A. With about 140 
Vignettes on Wood. 8vo. 14s, 

Wood's Strange Dwell- 
ings ; a Description of the Habitations 
of Animals, abridged from * Homes 
without Hands.* With Frontispiece 
and 60 Woodcuts. Crown 8vo, 5J. 
Sunbeam Edition, 4to. 6d, 

Wood's Insects at Home; 

a Popular Account of British Insects, 
their Structure, Habits, and Trans- 
formations. 8vo. Woodcuts, I4r. 

Wood's Insects Abroad ; 

a Popular Account of Foreign Insects, 
their Structure, Habits, and Trans- 
formations. 8vo. Woodcuts, I4i. 

Wood's Out of Doors ; a 

Selection of Original Articles on 
Practical Natural History. With 6 
Illustrations. Crown 8vo. 5^. 

Wood's Bible Animals ; a 

description of every Living Creature 
mentioned in the Scriptures. Witi 112 
Vignettes. 8vo. 14s, 

The Sea and its Living 

Wonders. By Dr. G. Hartwig. 
8vo. with many Illustrations, lor. 6d, 

Hartwig's Tropical 

World. With about 200 Illustrations. 
8vo. loj. 6d. 
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Hartwig's Polar World ; 

a Description of Man and Nature in the 
Arctic and Antarctic Regions of the 
Globe. Maps, Plates & Woodcuts. 
8vo. loj. 6^. Sunbeam Edition, (>d, 

Hartwig's Subterranean 

World. With Maps and Woodcuts. 
8vo. lOj. 6^. 

Hartwig's Aerial World ; 

a Popular Account of the Phenomena 
and Life of the Atmosphere. Map, 
Plates, Woodcuts. 8vo. loj. 6^/. 

A Familiar History of 

Birds. By E. Stanley, D.D. Revised 
and enlarged, with i6o Woodcuts. 
Crown 8yo. 6j. 

Rural Bird Life ; Essays 

on Ornithology, with Instructions for 
Preserving Objects relating to that 
Science. By Charles Dixon. With 
Coloured Frontispiece and 44 Wood- 
cuts by G. Pearson. Crown 8vo. 5^". 

Country Pleasures ; the 

Chronicle of a Year, chiefly in a Garden. 
By George Milner. Second Edition, 
with Vignette Title-page. Cr. 8vo. 6j. 

Rocks Classified and De- 
scribed. By Bernhard Von Cotta. 

An English Translation, by P. H. 
Lawrence, with English, German, and 
French Synonymes. Post 8vo. 14J. 

The Geology of England 

and Wales; a Concise Account of 
the Lithological Characters, Leading 
Fossils, and Economic Products of the 
Rocks. By H. B. Woodward, F. G. S. 
Crown 8vo. Map & Woodcuts, 14J. 

Keller's Lake Dwellings 

of Switzerland, and other Parts of 
Europe. Translated by John E. Lee, 
F.S.A. F.G.S. With 206 Illustra- 
tions. 2 vols, royal 8vo. 42J. 

Heer's Primaeval World 

of Switzerland. Edited by James 
Heywood, M.A. F.R.S. With Map, 
Plates & Woodcuts. 2 vols. 8vo. I2j. 

The Puzzle of Life; a 

Short II story of Praehistoric Vegetable 
and Anbnal Life on the Earth. By A. 
NICOLS, F.R.G.S. With 12 Illustra- 
tions. Crown 8vo. 3j. 6</. 



The Origin of Civilisa- 
tion, and the Primitive Condition of 

Man ; Mental and Social Condition of 
Savages. By Sir J. Lubbock, Bart. 
M.P. F. R.S. Fourth Edition, enlarged . 
8vo. Woodcuts, iSj.. 

Proctor's Light Science 

for Leisure Hours; Familiar Essays 
on Scientific Subjects, Natural Phe- 
nomena, &c. 2 vols, crown 8vo. 7^. 6^. 
each. 

Brande's Dictionary of 

Science, Literature, and Art Re- 
edited by the Rev. Sir G. W. Cox, 
Bart. M.A. 3 vols, medium 8vo. 63J. 

Hullah's Course of Lec- 
tures on the History of Modem 
Music. 8vo. 8j. 6^. 

Hullah's Second Course 

of Lectures on the Transition Period 
of Musical History. 8vo. lor. 6^. 

Loudon's Encyclopaedia 

of Plants ; the Specific Character, 
Description, Culture, History, &c. of 
all Plants found in Great Britain. With 
12,000 Woodcuts. 8vo. 42^. 

Loudon's Encyclopaedia 

of Gardening ; the Theory and Prac- 
tice of Horticidture, Floriculture, Arbori- 
culture & Landscape Gardening. With 
1,000 Woodcuts. 8vo. 215, 

De Caisne & Le Maout's 

Descriptive and Analytical Botany. 
Translated by Mrs. Hooker 5 edited 
and arranged by J. I>. Hooker, M.D. 
With 5,500 Woodcuts. Imperial 8vo. 
price 3 1 J. 6^. 

Rivers's Orchard-House ; 

or, the Cultivation of Fruit Trees under 
Glass. Sixteenth Edition. Crown 8vo. 
with 25 Woodcuts, 5j. 

The Rose Amateur's 

Guide. By Thomas Rivers. Latest 
Edition. Fcp. 8vo. 4r. 6</. 

Elementary Botany, 

Theoretical and Practical ; a Text- 
Book designed for Students of Science 
Classics. By H. Edmonds, B.Sc. 
' With 312 Woodcuts. Fcp. 8yo. 2j. 
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CHEMISTRY and PHYSIOLOGY. 



Experimental Chemistry 

for Junior Students. By J. E. Rey- 
nolds, M.D. F.R.S. Prof, of Chemis- 
try, Univ. of Dublin. Fcp. 8vo. Part 
I. IS, 6d. Part II. 2s. (>d. 

Practical Chemistry; the 

Principles of Qualitative Analysis. 
By W. A. TiLDEN, F.CS. Fcp. 
8vo. IJ. 6d. 

Miller's Elements of Che- 

mistry, Theoretical and Practical. 
Re-edited, with Additions, by H. 
MACLEOD, F.C.S. 3 vols. 8vo. 

Part I. Chemical Physics, idr. 
Part II. Inorganic Chemistry, 2^, 
Part III. Organic Chemistry, 3ij.6</. 

An Introduction to the 

study of Inorganic Chemistry. By 
W. Allen Miller, M.D. LL.D. late 
Professor of Chemistry, King's College, 
London. With 71 Woodcuts. Fcp. 
;8vo. 3J. 6d, 



Annals of Chemical Me- 
dicine ; including the Application of 
Chemistry to Physiology, Pathology, 
Therapeutics, Pharmacy, Toxicology 
& Hygiene. Edited by J. L. W. Thu- 
DiCHUMyM.D. 2 vols. 8vo. i^r. each. 

A Dictionary of Chemis- 
try and the Allied Brandies of other 
Sciences. Edited by Henry Watts, 
F. R. S. 9 vols, medium 8 vo. ;f 1 5 . 2 j. dd. 

Practical Inorganic Che- 
mistry. An Elementary Text-Book 
of Theoretical and Practical Inorganic 
Chemistry. By W. Jago, F.C.S. 
Second Edition, revised, with 37 Wood- 
cuts. Fcp. 8vo. 2J. 

Health in the House ; 

Lectures on Elementary Ph)rsiology in 
its Application to the Daily Wants of 
Man and Animals. By Mrs. Buckton. 
Crown 8vo. Woodcuts, 2j. 



The FINE ARTS and ILLUSTRATED 
EDITIONS. 



The New Testament of 

Our Lord and Saviour Jesus Christ, 
Illustrated with Engravings on Wood 
after Paintings by the Early Masters 
chiefly of the Italian School. New 
Edition in course of publication in 18 
Monthly Parts, ij. each. 4to. 

A Popular Introduction 

to the History of Greek and Roman 
Sculpture, designed to Promote the 
Knowledge and Appreciation of the 
Remains of Ancient Art. By Walter 
C. Perry. With 268 Illustrations 
engraved on Wood. Square crown 
8vo. 3 1 J. (>d. 

Lord Macaulay's Lays of 

Ancient Rome, with Ivry and the 
Armada. With 41 Wood Engravings 
by G. Pearson from Original Drawings 
by J. R. Weguelin. Crown 8vo. 6s, 



Lord Macaulay's Lays of 

Andent Rome. With Ninety Illustra- 
tions, Original and from the Antique, 
engraved on Wood from Drawings by 
G. Scharf. Fcp. 4to. 21s, 

The Three Cathedrals 

dedicated to St Paul in London. 
By W.' Longman, F.S.A. With 
Illustrations. 'Square crown 8vo. 21 j. 

Lectures on Harmony, 

delivered at the Royal Institution. By 
G. A. Macfarren. 8vo. i2j. 

Moore's Lalla Rookh. 

Tenniel*s Edition, with 68 Woodcut 
Illustrations. Crown 8vo. los. 6d, 

Moore's Irish Melodies, 

Maclise*s Edition, with 161 Steel 
Plates. Super-royal 8vo. 21s, 
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Sacred and Legendary 

Art By Mrs. Jameson. 6 vols, 
square crown 8vo. £^. 15^. 6^. 

Jameson's Legends of the 

Saints and Majiyrs. With 19 Etch- 
ings and 187 Woodcuts. 1 vols. 3IJ. 6^. 

Jameson's Legends of the 

Monastic Orders. With 11 Etchings 
and Z'^ Woodcuts. I vol. 2IJ. 



Jameson's Legends of the 

Madonna, the Virgin Mary as repre- 
sented in Sacred and Legendary Art. 
With 27 Etchings and 165 Woodcuts, 

1 vol 2 1 J. 

Jameson's History of the 

Saviour, His Types and Precursors. 
Completed by Lady Eastlake. With 
13 Etchings and 281 Woodcuts. 

2 vols. 42^. 



The USEFUL ARTS, MANUFACTURES, &c. 



The Elements of Me- 
chanism. By T. M. GOODEVE, M.A. 
Barrister-at-Law. New Edition, re- 
written and enlarged, with 342 Wood- 
cuts. Crown 8vo. ^* 

Railways and Locomo- 
tives ; a Series of Lectures delivered 
at the School of Military Engineering, 
Chatham. Railways^ by J. W. Barry, 
M. Inst. C.E. Locomotives^ by Sir F. 
J. Bramwell, F.R.S. M. Inst. C.E. 
With 228 Woodcuts. 8vo. 2ij. 

Gwilt's Encyclopaedia of 

Architecture, with above 1,600 Wood- 
cuts. Revised and extended by W. 
Papworth. 8vo. 52J. dd. 

Lathes and Turning, Sim- 
pie, Mechanical, and Ornamental. By 
W. H. NoRTHCOTT. Second Edition, 
with 338 Illustrations. 8vo. 18^. 

Industrial Chemistry; a 

Manual for Manufacturers and for Col- 
leges or Technical Schools ; a Transla- 
tion of Payen*s Pricis de Chimie 
Jndusirielle, Edited by B. H. Paul. 
With 698 Woodcuts. Medium 8vo. 42J. 

The British Navy: its 

strength, Resonrces, and Adminis- 
tration. By Sir T. Brassey, K.C.B. 
M.P. M.A. In 6 vols. 8vo. Vols. I. 
and II. with many Illustrations, 141. 
or separately, Vol. I. loj. 6d, Vol. II. 
price 3^. 6d» 



A Treatise on Mills and 

Millwork. By the late Sir W. Fair- 
bairn, Bart. C.E. Fourth Edition, 
with 18 Plates and 333 Woodcuts. 
I vol. 8vo. 25J. , 

Useful Information for 

Eng^ineers. By the late Sir W. 
Fairbairn, Bart. C.E. With many 
Plates and Woodcuts. 3 vols, crown 
8vo. 3 1 J. 6d. 

The Application of Cast 

and Wrought Iron to Building 
Purposes. By the late Sir W. Fair- 
- bairn, Bart. C.E. With 6 Plates and 
118 Woodcuts. 8vo. i6j. 

Hints on Household 

Taste in Furniture, Upholstery, 
and other Details. By C. L. East- 
lake. Fourth Edition, with 100 Illus- 
trations. Square crown 8vo. 14J. 

Handbook of Practical 

Telegn^hy. By R. S. Culley, 
Memb. Inst. C.E. Seventh Edition. 
Plates & Woodcuts. 8vo. 16^. 

The Marine Steam En- 

g^e. A Treatise for the use of 
Engineering Students and Officers of 
the Royal Navy. By Richard 
Sennett, Chief Engineer, Royal 
Navy. With numerous Illustrations 
and Diagrams. 8vo. 21s, 
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The Second Death and 

the Restitution of aU Things ; with 
some Preliminary Remarks on the 
Nature and Inspiration of Holy Scrip- 
ture By A. Jukes. CrownSvo. 3j.6</. 

Supernatural Religion; 

an Inquiry into the Reality of Di- 
vine Revelation. Complete Edition, 
thoroughly revised. 3 vols. 8vo. 36^. 

Lectures on the Origm 

and Growth of Relig^ion, as illus- 
trated by the Religions of India. 
By F. Max Muller, K.M. 8vo. 
price lOJ. td. 

Introduction to the Sci- 
ence of Religion, Four Lectures de- 
livered at the Royal Institution ; with 
Essays on False Analogies and the 
Philosophy of Mythology. By F. Max 
Muller, K.M. Crown 8vo. loj. 6d, 

The Gospel for the Nine- 
teenth Century. Fourth Edition. 
8vo. price lar. td, 

Christ our Ideal, an Ar- 
gument from Analogy. By the same 
Author. 8vo. 8j. td. 

Passing Thoughts on 

Religion. By Miss Sewell. I'cp.8vo. 
price 3^. 6d, 

Preparation for the Holy 

Communion ; the Devotions chiefly 
from the works of Jeremy Taylor. By 
Miss Sewell. 32mo. 3^. 

Private Devotions for 

Young Persons. Compiled by Miss 
Sewelu i8mo. 2s, 

Bishop Jeremy Taylor's 

Entire Worics ; with Life by Bishop 
Heber. Revised and correcteid by the 
Rev. C. P. Eden. 10 vols. £$, ^s. 



The Wife's Manual ; or 

Prayers, Thoughts, and Songs on 
Several Occasions of a Matron's Life. 
By the late W. Calvert, Minor Canon 
of St. Paul's. Printed and ornamented 
in the style of Queen Elizabeth^ s Prayer 
Book, Crown 8vo. 6j. 

Hymns of Praise and 

Prayer. Corrected and edited by 
Rev. John Martin eau, LL.D. 
Crown 8vo. 4J. 6^. 32mo. u. 6^. 

Spiritual Songs for the 

Sundays and Holidays tliroug:hout 
the Year. By J. S. B. Monsell, 
LL.D. Fcp. 8vo. 5 J. i8mo. 2j. 

Christ the Consoler; a 

Book of Comfort for the Sick. By 
Ellice Hopkins. Second Edition. 
Fcp. 8vo. 2J. 6</. 

Lyra Germanica ; Hymns 

translated from the German by Miss C. 

WiNKWORTH. Fcp. 8V0. 5^. 

Hours of Thought on 

Sacred Things ; Two Volumes of Ser- 
mons. By James Martineau, D.D. 
LL. D. 2 vols, crown 8vo. 7j. dds each. 

Endeavours after the 

Christian Life; Discourses. By 
James Martineau, D.D. LL.D. 
Fifth Edition. Crown 8vo. 7j. (yd. 

The Pentateuch & Book 

of Joshua Critically Examined. 
By J. W. CoLENSOi.p.D. Bishop of 
Natal. Crown 8vo. 6J^ 

Elements of Moi^ity, 

In Easy Lessons for Home and si>l^<>ol 
Teaching. By Mrs. Charles Br)^- 



Crown 8vo. 2.5, 6d, 
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Three in Norway, By 

Two of Them. With a Map and 59 
Illustrations on Wood from Sketches 
by the Authors. Crown 8vo. los, 6d. 



Roumania, Past and 

Present. By James Samuelson. 
With 2 Maps, 3 Autotype Plates & 31 
Illustrations on Wood, 8vo. i6j. 
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Sunshine and Storm in 

the East, or Cruises to Cyprus and 
Constantinople. By Lady Brassey. 
Cheaper Edition, with 2 Maps and 114 
Illustrations engraved on Wood. Cr. 
8vo. ^s, 6d, 

A Voyage in the * Sun- 
beam, our Home on the Ocean for 
Eleven Months. By Lady Brassey. 
Cheaper Edition, with Map and 65 
"Wood Engravings, Crown 8vo. *js. 6d. 
School Edition, fcp. 2s, Popular 
Edition, 4to. 6d. 

Eight Years in Ceylon. 

By Sir Samuel W. Baker, M.A. 
Crown 8vo. Woodcuts, *js, 6d. 

The Rifle and the Hound 

in Ceylon. By Sir Samuel W. Baker, 
M.A. Crown 8vo. Woodcuts, 7j. 6d, 

Sacred Palmlands ; or, 

the Journal of a Spring Tour in Egypt 
and the Holy Land. By A. G. Weld. 
Crov^Ti 8vo. ^s, 6d, 

Wintering in the Ri- 
viera ; with Notes of Travel in Italy 
and France, and Practical Hints to 
Travellers. By W. Miller. With 
12 Illustrations. Post 8vo. *js. 6d. 

San Remo and the Wes- 
tern Riviera, climatically .and medi- 
cally considered. By A. Hill Hassall, 
M.D. Map and Woodcuts. Crown 
8vo. los, (>d. 



Himalayan and Sub- 

Himalayan Districts of British 
India, their Olimate, Medical Topo- 
graphy, and Disease Distribution. By 
F. N. Macnamara, M.D. With 
Map and Fever Chart. 8vo. 21^. 

The Alpine Club Map of 

Switzerland, with parts of the Neigh- 
bouring Countries, on the scale of Four 
Miles to an Inch. Edited by R. C. 
Nichols, F.R.G.S. 4 Sheets in 
Portfolio, 42J. coloured, or 34f. un- 
coloured. 

Enlarged Alpine Club Map of 

the Swiss and Italian Alps, on the 
Scale of 3 English Statute Miles to i 
Inch, in 8 Sheets, price u. 6d. each. 

The Alpine Guide, By 

John Ball, M. R. I. A. Post 8vo. with 
Maps and other Illustrations : — 

The Eastern Alps, lo^. 6d. 
Central Alps, including all 

the Oberland District, *js, 6d. 

Western Alps, including 

Mont Blanc, Monte Rosa, Zermatt, &c. 
Price dr. 6d. 

On Alpine Travelling and 

the Geology of the Alps. Price is. 
Either of the Three Volumes or Parts of 
the * Alpine Guide ' may be had with 
I this Introduction prefixed, is. extra. 
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In Trust ; the Story of a 

Lady and her Lover. By Mrs. Oli- 
PHANT. Cabinet Edition. Cr. 8vo. 6s, 

The Hughenden Edition 

of the Novels, and Tales of the 
Earl of Beaconsfield, K.G. from 
Vivian Grey to End3nmon. With 
Maclise*s Portrait of the Author, a 
later Portrait on Steel from a recent 
Photograph, and a Vignette to each 
volume. Eleven Volumes, cr. 8vo. 42J. 



Novels and Tales, By the 

Right Hon. the Earl of Beacons- 
field, K.G. The Cabmet Edition. 
Eleven Volumes, crown 8vo. 6s, each. 

The Novels and Tales of 

the Right Hon. the Earl of Bea- 
consfield, K.G. Modern Novelist's 
Library Edition, complete in Eleven 
Volumes, crown 8vo. price 22s, boards, 
or 2 7 J. 6d, cloth. 
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Novels and Tales by the 

Earl of Beaconsfield, ICG. Modem 
Novelist's Library lEdition, complete in 
Eleven Volumes, crown 8vo. cloth extra, 
with gilt edges, price 33T. 

Whispers from Fairy- 
land. By Lord Brabourne. With 
9 Illustrations. Crown 8vo. 3J. 6</. 

Higgledy-piggledy. By 

Lord Brabourne. With 9 Illustra- 
tions. Crown 8vo. 3j. 6</. 

Stories and Tales. By 

Elizabeth M. Sewell. . Cabinet 
Edition, in Ten Volumes, crown 8vo. 
price y. 6d, each, in cloth extra, with 
gilt edges : — 

Amy Herbert Gertrude. 

The Earl's Daughter. 

The Experience of Life. 

Cleve Hall. Ivors. 

Katharine Ashton. 

Margaret Percival. 

Laneton Parsonage. Ursula. 



The Modern Novelist's 

Library. Each work complete in itself, 
price 2J. boards, or 2j. 6</. cloth ; — 

By the Earl of BeACONSFIELD, K.G. 
Endymion. 

Henrietta Temple. 



Lothair. 

Coningsby. 

SybU. 

Tancred. 

Venetia. 



Contarini Fleming, &c. 
Alroy, Ixion, &c. 
The Young Duke, &c. 
Vivian Grey, &c. 



By Anthony Trollope. 

Barchester Towers. 
The Warden. 

By Major Whyte-Melville. 

Digby Grand. Good for Nothing. 

General Bounce. Holmby House. 
Kate Coventry. The Interpreter. 

The Gladiators. Queen's Maries. 

By the Author of * The Rose Garden.' 

Unawares. 
By the Author of * Mile. Mori.* 

The Atelier du Lys. 

Mademoiselle Mori. 

By Various Writers. 

Atherston Priory. 

The Burgomaster's Family. 

Elsa and her Vulture. 

The Six Sisters of the Valleys. 



POETRY and THE DRAMA. 



Poetical Works of Jean 

Ingelow. New Edition, reprinted, 
with Additional Matter, from the 23rd 
and 6th Editions of the two volumes 
respectively ; with 2 Vignettes. 2 vols. 

fcp. 8V0. I2J. 

Faust. From the German 

of Goethe. By T. E, Webb, LL.D. 
Reg. Prof, of Laws & Public Orator 
in the Univ. of Dublin. 8vo. I2j. dd, 

Goethe's Faust. A New 

Translation, chiefly in Blank Verse ; 
with a complete Introduction and 
copious Notes. By James Adey 
Birds, B.A. F.G.S. Large crown 
8vo. 12J. dd, 

Goethe's Faust. The Ger- 
man Text, with an English Introduction 
and Notes for Students. By Albert 
M. Selss, M. a. Ph. D. Crown 8vo. S j. 



Lays of Ancient Rome; 

with Ivry and the Armada. By Lord 
Macaulay. 

Cabinet Edition, post 8vo. 3^. 6^/. 
Cheap Edition, fcp. 8vo. \s, sewed ; 

\s, 6d, cloth; 2s, 6d, cloth extra 

with gilt edges. 

Lord Macaulay's Lays of 

Ancient Rome, with Ivry and the 
Armada. With 41 Wood Engravings 
by G. Pearson from Original Drawings 
by J. R. Weguelin. Crown 8vo. 6s, 

Festus, a Poem. By 

Philip James Bailey. loth Edition, 
enlarged & revised. Crown 8vo. I2j. 6d, 

The Poems of Virgil trans- 
lated into English Prose. By John 
Conington, M.A. Cro\nTi 8vo. 9^. 
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The Iliad of Homer, Ho- 

mometrically translated by C. B. 
Cayley. 8yo. I2J. 6d, 

Bowdler's Family Shak- 

speare. Genuine Edition, in i vol. 
medium 8vo. large type, with 36 Wood- 
cuts, 14J. or in 6 vols, fcp. 8vo. 21s, 



The -ffineid of Virgil. 

Translated into English Verse. By J. 
CONINGTON, M.A. Crown 8vo. 9J. 

South ey's Poetical 

Works, with the Author's last Cor- 
rections and Additions. Medium 8vo. 
with Portrait, I4f, 



RURAL SPORTS, HORSE and CATTLE 
MANAGEMENT, &e, 



William Hewitt's Visits 

to Remarkable Places, Old Halls, 
Battle-Fields, Scenes illustrative of 
Striking Passages in English History 
and Poetry. New Edition, with 80 
Illustrations engraved on Wood. 
Crown 8vo. 7j. 6^'. 

Dixon's Rural Bird Life ; 

Essays on Ornithology, with Instruc- 
tions for Preserving Objects relating 
to that Science. With 44 Woodcuts. 
Crown 8vo. 5j. 

A Book on Angling ; or, 

Treatise on the Art of Fishing in every 
branch ; including full Illustrated Lists 
of Salmon Flies. By Francis Francis. 
Post8vo. Portrait and Plates, 15J. 

Wilcocks's Sea-Fisher- 
man : comprising the Chief Methods 
of Hook and Line Fishing, a glance at 
Nets, and remarks on Boats and Boat- 
ing. Post 8vo. Woodcuts, 12s, &d. 

The Fly-Fisher's Ento- 
mology. By Alfred Ronalds. 
With 20 Coloured Plates. 8vo. I4r. 

The Dead Shot, or Sports- 
man's Complete Guide ; a Treatise on 
the Use of the Gun, with Lessons in 
the Art of Shooting Game of All Kinds, 
and Wild-Fowl, also Pigeon- Shooting, 
and Dog-Breaking. By Marksman. 
Fifth Edition, with 13 Illustrations. 
Cro\^Ti 8yo. ioj. 6d. 



Horses and Roads; or, 

How to Keep a Horse Sound on his 
, Legs. By Free-Lance. Second 
Edition. Crown 8vo. 6s, 

Horses and Riding. By 

George Nevile, M. A. With 3 1 Illus- 
trations. Crown 8vo. dr. 

Horses and Stables. By 

Major-General Sir F. FiTZWYGRAM, 
Bart. Second Edition, revised and 
enlarged ; with 39 pages of Illustrations 
containing very numerous Figures. 
8vo. lOf. 6(i. 

Youatt on the Horse. 

Revised and enlarged by W. Watson, 
M.R.C.V.S. 8vo. Woodcuts, p, 6d. 

Youatt's Work on the 

Dog. Revised and enlarged. 8vo. 
Woodcuts, 6s, 

The Dog in Health and 

Disease. By Stonehenge. Third 
Edition, with 78 Wood Engravings. 
Square crown 8vo. yj. 6d, 

The Greyhound. By 

Stonehenge. Revised Edition, with 
25 Portraits of Greyhounds, &c. 
Square crown 8vo. 1$^. 

A Treatise on the Dis- 
eases of the Ox ; being a Manual of 
Bovine Pathology specially adapted for 
the use of Veterinary Practitioners and 
Students. ByJ.H. Steel, M.R.C.V.S. 
F.Z.S. With 2 Plates and 1 16 Wood- 
cuts. 8vo. i^s. 
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Stables and Stable Fit- 

tingfs. By W. Miles. Imp. Svo. 
with 13 Plates, 15^. 

The Horse's Foot, and 

How to keep it Sound. By W. 
Miles. Imp. 8vo. Woodcuts, I2j. 6d. 



A Plain Treatise on 

Horse-shoeing. By W. Miles. Post 
Svo. Woodcuts, 2s, 6d, 

Remarks on Horses' 

Teeth, addressed to Purchasers. By 
W. Miles. Post Svo. is, 6d, 



WrORKS of UTILITY and GENERAL 
INFORMATION. 



Maunder's Biographical 

Treasury. Reconstructed with i, 700 
additional Memoirs, by W. L. R. 
Gates. Fcp. Svo. ^, 

Maunder's Treasury of 

Natural History; or, Popular Dic- 
tionary of Zoology. Fcp. Svo. with 
900 Woodcuts, 6s, 

Maunder's Treasury of 

Geography, Physical, Historical, 
Descriptive, and Political. With 7 
Maps and 16 Plates. Fcp. Svo. dr. 

Maunder's Historical 

Treasury ; Outlines of Universal His- 
tory, Separate Histories of all Nations. 
Revised by the Rev. Sir G. W. Cox, 
Bart. M.A. Fcp. Svo. 6s. 

Maunder's Treasury of 

Knowledge and Library of Refer- 
ence ; comprising an English Diction- 
ary and Grammar, Universal Gazetteer, 
Classical Dictionary, Chronology, Law 
Dictionary, &c. Fcp. Svo. dr. 

Maunder's Scientific and 

Literary Treasury ; a Popular En- 
cyclopaedia of Science, Literature, and 
Art. Fcp. Svo. dr. 

The Treasury of Botany, 

or Popular Dictionary of the Vegetable 
Kingdom. Edited by J. Lindley, 
F.R.S. andT. Moore, F.L.S. With 
274 Woodcuts and 20 Steel Plates. 
Two Parts, fcp. Svo. I2j. 

The Treasury of Bible 

Knowledg^e ; a Dictionary of the 
Books, Persons, Places, and Events, of 
which mention is made in Holy Scrip- 
ture. By the Rev. J. Ayre, M.A. 
Maps, Plates and Woodcuts. Fcp. 
Svo. 6s, 



Black's Practical Trea- 
tise on Brewing ; with Formuhe for 
Public Brewers and Instructions for 
Private Families. Svo. lOr. 6d, 

The Theory of the Mo- 
dem Scientific Game of Whist 
By W. Pole, F.R.S. Thirteenth 
Edition. Fcp. Svo. 2s, 6d, 

The Correct Card; or, 

How to Play at Whist; a Whist 
Catechism. By Major A. Campbell- 
Walker, F.R.G.S. Fourth Edition. 
Fcp. Svo. 2s, 6d, 

The Cabinet Lawyer; a 

Popular Digest of the Laws of England, 
Civil, Criminal, and Constitutional. 
Twenty-Fifth Edition. Fcp. Svo. 9j. 

Chess Openings. ByF.W. 

Longman, Balliol College, Oxford, 
New Edition. Fcp. Svo. 2s, 6d, 

Pewtner's Compre- 
hensive Specifier; a Guide to the 
Practical Specification of every kind of 
Building-Artificer's Work. Edited by 
W. Young. Crown Svo. 6s, 

Cookery and Housekeep- 
ing ; a Manual of Domestic Economy 
for Large and Small Families. By Mrs. 
Henry Reeve. Third Edition, with 
8 Coloured Plates and 37 Woodcuts. 
Crown Svo. *js, 6d, 

Modern Cookery for Pri- 
vate Families, reduced to a System 
of Easy Practice in a Series of carefiilly- 
tested Receipts. By Eliza Acton. 
With upwards of 150 Woodcuts. Fcp. 
Svo. 4r. 6d. 
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Food and Home Cookery. 

A Course of Instruction in Practical 
Cookery and Cleaning, for Children in 
Elementary Schools. By Mrs. Buck- 
ton. Crown 8vo. Woodcuts, 2J, 

Bull's Hints to Mothers 

on the Management of their Health 
during the Period of Pregnancy and in 
the Lying-in Room. Fcp. 8vo. is. 6d, 

Bull on the Maternal 

Management of Children in Health 
and Disease. Fcp. Svo. is, 6d. 

American Farming and 



Food. By FiNLAY Dun. 
Svo. lOs. (id. 



Crown 



Landlords and Tenants 

in Ireland. ByFiNLAvDuN. Crown 
8yo, 6j. 

The Farm Valuer. By 

John Scott. Crown Svo. ^s. 

Rents and Purchases ; or, 

the Valuation of Landed Property, 
Woods, Minerals, Buildings, &c. By 
John Scott. Crown Svo. 6j. 

Economic Studies. By 

the late Walter Bagehot, M.A. 
Edited by R. H. Hutton. Svo. ioj. (ui. 



Health in the House ; 

Lectures on Elementary Physiology in 
its Application to the Daily Wants of 
Man and Animals* By Mrs. Buckton. 
Crown Svo. Woodcuts, 2J, 

Economics for Beginners 

By H. D. MACLEOD, M.A. Small 
crown Svo. 2j. 6^. 

The Elements of Econo- 
mics. By H. D. MACLEOD, M.A. 
In 2 vols. Vol. I. crown Svo. 7j. 6^. 

The Elements of Bank- 
ing. By H. D. MACLEOD, M.A. 
Fourth Edition. Crown Svo. 5 j. 

The Theory and Practice 

of Banking. By H. D. Macleod, 
M.A. 2 vols. Svo. 26^. 

The Patentee's Manual ; 

a Treatise on the Law and Practice of 
Letters Patent, for the use of Patentees 
and Inventors. By J. Johnson and 
J. H. Johnson. Fourth Edition, 
enlarged. Svo. price ioj. ()d. 

Wiliich's Popular Tables 

Arranged in a New Form, giving Infor- 
mation &c. equally adapted for the Office 
and the Library. 9th Edition, edited 
by M. Marriott. Crown Svo. lor. 
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Alley &* Overton's English Church H istory 14 

Abney's Photography 10 

Acton's Modem Cookery 20 

Alpine Club Map of Switzerland *. 17 

Guide (The) 17 

Amos's Turisprudence 5 

Primer of the Constitution 5 

50 Years of English Constitution 5 

Anderson's Strength of Materials 10 

^r»fj/r<7«/j Organic Chemistry 10 

Arnolds (Dr. ) Lectures on Modem History 2 

' Miscellaneous Works ' 6 

Sermons 15 

(T.) English Literature 6 

Poetry and Prose ... 6 

Amotfs Elements of Physics 9 



Atelier (The) du Lys 18 

Atherstone Priory 18 

Autumn Holidays of a Country Parson ... 7 

Ayre's Treasury of Bible Knowledge so 

Bacon's Essays, by Whately 5 

Life and Letters, by Spedding ... 5 

Works 5 

Bagehot's Biographical Studies 4 

Economic Studies 21 

Literary Studies 6 

Bailees Festus, a Poem 18 

5d!?Vj James Mill and J. S. Mill 4 

Mental and Moral Science 5 

on the Senses and Intellect S 
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Bain's Emotions and Will 5 

Baker's Two Works on Ceylon 17 

^a//j Alpine Guides 17 

^17//*/ Elements of Astronomj 10 

Barry on Railway Appliances 10 

— — & Bratnwell on Railways, &c 13 

Bauerman's Mineralogy xo 

BeaconsfieWs (Lord) Novels and Tales 17 & 18 

Speeches i 

— -— ^— Wit and Wisdom 6 

Becker^ s Charicles and Gallus 7 

Busies Gracchi, Marius, and Sulla 3 

Bingham's Bonaparte Marriages 4 

^/!iz^/&'f Treatise on Brewing ao 

Blackleys German-English Dictionary 7 

Bloxam's Metals 10 

Bolland and Lan^s Aristotle's Politics 5 

Boultbee on 39 Articles 15 

~'s History of the English Chm-ch... 14 

Bournes Works on the Steam Engine 14 

Bowdler^s Family Shakespeare 19 

Braboume's Fairy-Land 18 

Higgledy-piggledy 18 

Bramley-Moore's Six Sisters of the Valleys . 1 8 

Brande's Diet, of Science, Literature, & Art 1 1 

Brassey's British Navy 13 

-^— Sunshine and Storm in the East . 17 

— — - Voyage in the ' Sunbeam ' 17 

Bray's Elements of Morality 16 

Brown^s Elxposition of the 39 Articles 15 

^/vz&ff>';f^j Modem England 3 

Buckle's History of Civilisation a 

Buckton's Food and Home Cookery.... 21 

■ Health in the House Z2&21 

BulFs Hints to Mothers 21 

— Maternal Management of Children . 21 
Burgomaster's Family (The) 18 

Cabinet Lawyer 20 

Calvert's Wife's Manual 16 

Capes' s Age of the Antonines 3 

■ Early Roman Empire 3 

Carlyles Reminiscences 4 

Cates's Biographical Dictionary 4 

CoyArK* J Iliad of Homer 19 

Changed Aspects of Unchanged TruUis ... 7 

Chesneys Waterloo Campaign , 2 

Christ our Ideal 16 

Church's Beginning of the Middle Ages ... 3 

Colenso's Pentateuch and Book of Joshua . 16 

Commonplace Philosopher 7 

Comte's Positive Polity 4 

Conder's Handbook to the Bible 15 

Conington's Translation of Virgil's iEneid 19 

■ Prose Translation of Virgil's 
Poems x8 

Contanseau's Two French Dictionaries ... 7 

Conybeare and Howson's St. Paul 15 

Cotia on Rocks, by Lawrence n 

Counsel and Comfort from a City Pulpit... 7 

Cox's (G. W.) Athenian Empire 3 

Crusades , 3 

• Greeks and Persians 3 

Creighton's Age of Elizabeth „. 3 

England a Continental Power 3 

' Papacy during the Reformation 14 

' Shilling History of England ... 3 

— ^— — Tudors and the Reformation 3 

Cresy's Encyclopaedia of Civil Engineering 14 



Critical Essays of a Country Parson 7 

CuUeis Handbook of Tel^raphy 13 

Curteis's Macedonian Empire 3 

Davidsons New Testament 14 

Dead Shot (The) 19 

De Caisne and Le Maoufs Botany 11 

De Tocqueinlle's Democracy in .^jnerica... 4 

Dewes's Life and letters of St. Paul 15 

Dixon's Rural Bird Life 11&19 

Dun's American Farming and Food 21 

Irish Land Tenure 21 

EasUake's Hints on Household Taste 13 

Edmonds's Elementary Botany 11 

Ellicotfs Scripture Commentaries 15 

Lectures on Life of Christ 15 

Elsa and her Vulture 18 

Epochs of Ancient History ; 3 

English History 3 

Modem History 3 

EwalcTs History of Israel 15 

Antiquities of Israel 15 

Fairbaim*s Applications of Iron 13 

— Information for Engineers 13 

Mills and Millwork 13 

Farrat's Langtiage and Languages 7 

Fitzwygram on Horses 19 

Francis's Fishing Book 19 

Freeman's Historical Geography 2 

Froude's Caesar 4 

English in Ireland i 

History of England i 

Short Studies 6 

— Thomas Carlyle 4 

Gairdner's Houses of Lancaster and York 3 

Ganot's Elementary Physics 9 

Natural Philosophy 9 

Gardiner's Buckingham and Charles I. ... 2 

Personal Government of Charles I. 2 

— ■_ Fall of ditto 2 

Outline of English History ... 2 

Puritan Resolution 3 

^Thirty Years' War 3 

(Mrs.) French Revolution 3 

Struggle against Absolute 

Monarchy 3 

Goethe's Faust, by Birds 18 

— — — — bySelss 18 

by Webb 18 

Goodeve's Mechanics 10 

Mechanism 13 

Gore's Electro-Metallurgy 10 

Gospel (The) for the Nineteenth Century . 16 

Grant's Ethics of Aristotle 5 
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